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CHAPTER I 
IMftODUCTION 
Microwave antennas having a so-called "cosecant-squared" radiation 
pattern in the vertical plane and a uniformly narrow beam in the 
horizontal plane are in widespread use for airborne mapping and search 
radar applications. The general shape of this pattern, for an air-search 
radar, is shown in Figure 1 as a polar plot of the antenna gain function 
C-(0) VS. the elevation angle 0 . This beam, which is mechanically scanned 
in the horizontal plane, "searches" most of the region above the earth. 
The distance r is proportional to the power gain of the antenna and can 
be expressed as h esc 0. To insure that all like targets within the 
angular coverage region and at a common altitude h appear as equal-
strength echoes on the radar screen, the power density illuminating these 
targets at various elevation angles must be constant. Since the power 
2 
density from the radar is inversely proportional to r , the gain function 
o 
G(©) must vary as esc 0 within the desired angular coverage region. 
2 2 
The general category of patterns having a esc 0 or similar shape are 
called shaped beams or vertical-coverage beams, and the antennas that 
produce them are called shaped-beam antennas. 
Existing methods of beam shaping.--The radiation patterns of parabolic 
cylinders fed by line sources and paraboloids fed by point sources all 
have symmetrical shapes characteristic of the main-lobe diffraction 
3 
pattern of an equiphase-aperture antenna. Changing the aperture size 
Horizontal 
Figure 1. Polar Plot of the Gain of a Shaped-heam Antenna 
(a) 
Figure 2. Reflector Shapes to Produce an Asymmetrical 
Flared Beam 
3 
changes only the scale factor for the angular coordinates of the symmet-
rical pattern. The characteristic shape of the pattern can be altered 
only by changing the phase of the field intensity over the aperture. The 
phase variation can be achieved by altering the shape of the reflector 
or by changing the characteristics of the feed. Both methods have been 
used to obtain shaped-beam antennas. 
Figures 2(a) and 2(b) show the cross-section views of two non-
parabolic cylindrical reflectors each fed by a single line source. The 
rays in these figures indicate how these reflectors produce the shaping 
of the beams. In both cases the azimuth beamwidths are determined 
k 
entirely by the line sources. Chu has arrived at a method of calculat-
ing the surfaces of these reflectors to give some specified vertical-plane 
pattern if the radiation pattern of the primary source is known. The 
radiation pattern of the horn feed, which directs energy into the 
reflector, is called the primary or feed pattern, and the secondary 
radiation pattern is that produced by the current on the reflector plus 
any direct radiation from the feed. Chu's procedure is based entirely on 
geometrical optics and conservation of energy and, while it is not diffi-
cult in principle, it is very tedious in practice because graphical 
integrations are required. ChuTs method has proved very satisfactory for 
reflectors with a large but varying radius of curvature. However, the 
method neglects all diffraction effects and thus gives no evidence of 
the frequency sensitivity of the antenna. As a consequence, with this 
method it is necessary to design and build a prototype antenna which is 
then altered experimentally to modify the radiation pattern. In spite of 
these difficulties, Chu's synthesis method is the best existing method 
k 
for obtaining shaped-beam antennas. 
This thesis presents a new method for obtaining shaped-beam 
antennas which has significant advantages over existing methods. This 
new method can be best understood by considering first the antenna of 
Figure 3, which shows a conducting paraboloid of revolution fed by three 
waveguide-type horns. If only horn one is energized, the secondary 
radiation pattern will have a maximum value on the axis and a half-power 
beamwidth directly proportional to the wavelength and inversely propor-
tional to L. If only horn two is energized, the resulting secondary 
pattern maximum is at some angle above the axis proportional to the 
displacement of the horn below the axis. For this condition the mouth 
of the reflector is not an equiphase surface. If all three horns are 
energized, there are three secondary beams with angular displacements 
determined by the angular separation of the horns. If the horns are 
spaced and fed properly, the combination of the beams can give a smooth 
shaped beam over limited angles. 
As the single horn feed of a paraboloid is moved off axis, the 
beam-focusing properties of the reflector are Impaired, resulting in a 
wider beam in both principal planes. An increase in beamwidth in the 
vertical plane is desirable, but any appreciable widening in the horizon-
tal plane is undersirable because It limits the angular coverage of this 
antenna. For line sources used with cylindrical parabolas, the problem 
of horizontal-plane beam widening is eliminated because the beamwidth in 
this plane is derived entirely from the feed. However, the electrical 
and mechanical problems for the single line-source feed are so formidable 
that building a multiple line-source feed Is impractical, if not 
axis 
Figure 3« A Multiple-feed Antenna 
vertex 
Figure k. Cross Section of an Image Beam-shaping Antenna 
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impossible. 
The image method of beam shaping.--The new method of shaping the second-
ary pattern presented here uses the same principles as the multiple-feed 
system, but the effect of off-axis feeds is created by a conducting 
surface, which will be called a ground plane, placed beneath the horn as 
shown in Figure h. The energy from the feed that is intercepted by the 
ground plane is reflected into the parabolic section and creates the 
same general condition as that in the multiple-feed antenna. The energy 
reflected from the ground plane can be treated as emanating from a single 
image when the ground plane is flat and from multiple images when the 
ground plane is curved. It will be seen that the power division between 
the main and image horns can be controlled by the aim of the horn and 
the shape of the ground plane. 
The far-field radiation pattern of the ground-plane antenna 
considered in this analysis is the combination of the scattered field 
from a metal reflector plus seme, usually small, direct radiation from 
the line feed. For most elevation angles, the scattered field is by far 
the larger of the two components. As an aid in the analysis, the 
scattered field will be treated as the superposition of three beams: 
(l) the main beam, (2) the image beam, and (3) the direct ground-plane 
beam. The main beam is caused by the current distribution on the para-
bolic section of the reflector when the ground'plane of Figure k is 
removed. These currents are a result of direct radiation from the feed 
into the parabola and they produce an almost symmetrical beam having a 
maximum along the axis of the parabola. The image beam results from 
currents on the parabolic reflector due to energy reflected from the 
7 
ground plane into the parabola. The image beam is asymmetrical and will 
be maximum at some angle above the axis of the parabola. The shape of 
this image beam is determined by the size of the parabolic section, the 
shape of the ground plane, the frequency, and the radiation character-
istics of the feed. For the simplest case, a single flat ground plane, 
the energy reflected from the ground plane can be considered to emanate 
from a single image of the real horn. Curved and broken ground planes 
in general give the effect of a parabola fed with multiple images and 
usually produce wider image beams than those produced by flat ground 
planes, 
The direct ground-plane beam is the beam caused directly by the 
ground-plane currents. Since most of the radiation from these currents 
is intercepted by the parabola, this beam is usually small. However, 
some ground planes cause a direct beam which is comparable to the main 
and image beams at the larger values of 9 where the main and image beams 
are small. 
Objectives of this study. —This study examines analytically and 
experimentally the validity and feasibility of the application of image 
principles to shaped-beam antennas. Although the method of analysis 
used can be applied to paraboloids and cylindrical parabolas, this study 
is restricted to cylindrical parabolas with ground planes added to give 
beam shaping. 
In addition to proving experimentally that image principles of 
beam shaping can be used successfully on cylindrical reflectors, this 
study has two other objectives: (l) to develop a method of calculating 
the radiation pattern of image-beam antennas of arbitrary shape, and (2) 
8 
to develop a design procedure to provide a specified shaped beam. Since 
one problem is the inverse of the other, and since problems of the first 
kind are much easier to solve, the general procedure will be to find the 
solution to problems of the second kind by successive approximations 
involving recurrent problems of the first kind. The procedure used to 
calculate patterns of reflector-type antennas having single reflection 
surfaces such as those used in image beam-shaping antennas has not been 
treated analytically or experimentally, except briefly by the author. 
The three diffraction zones and a summary of succeeding chapters.--The 
method of solution of the problem presented in the remainder of this 
study deals with electric and magnetic fields caused by reflections of 
waves from conducting surfaces. Before proceeding with the detailed 
analysis covered in succeeding chapters, it is desirable to present a 
short discussion on the three diffraction zones surrounding a reflector 
or an aperture. 
When an electromagnetic wave impinges on a conducting surface, 
electric charges and currents are set up on the surface so the boundary 
conditions are satisfied. Theoretically, the electric and magnetic 
fields due to the current and charge distributions can be expressed in 
terms of current distribution only. The integral expressions which 
result are very difficult to evaluate exactly even for simple surfaces 
and simple current distributions. Since the currents on the surface are 
treated as infinitesimal dipole radiators, the field outside the conduc-
tor is a vector-phasor addition of contributions from all the radiators. 
In order to evaluate the integrals in practical cases, certain approxi-
mations must be made. The region outside the conductor is usually 
9 
divided into three zones which are determined mathematically by the 
nature of the approximations used in evaluating the integrals. 
The near zone is the region close to the conductor where no sim-
plifying approximations in the integrals can be made. In cases where 
7 
the integrals have been worked out in detail/ it was found that for 
surfaces with a radius of curvature large compared to a wavelength, the 
field differs little from that calculated using geometrical optics. The 
term "near" is determined by the size and shape of the conductor, the 
wavelength, and the current distribution. Near-field theory will be used 
in Chapter II to calculate the reflected waves from flat and curved 
ground planes. These reflected waves plus the direct waves from the 
horn determine the current distribution on the reflector and thus the 
far-field radiation pattern. Near-field measuring techniques and a com-
parison of calculated and measured near fields are presented in Chapter 
III. 
Beyond the near zone is a second diffraction zone called the 
Fresnel zone. The Fresnel-zone patterns are dependent on the distance 
from the reflector and are of little importance in radar work. Fresnel-
zone fields are very difficult to evaluate and are found graphically 
with aids such as the Cornu spiral. The Fresnel zone will not be con-
sidered in this study. 
Finally, when the distance from the conductor is very large 
compared to the size of the conductor, the zone is called the far-field 
or Fraunhofer zone. In the far-field zone the simplifying assumptions 
which make the integrals manageable are valid for most cases of interest. 
o 
In Chapter IV, the general f a r - f i e ld formulas presented by Silver are 
10 
applied to parabolic cylinders and cylindrical ground planes. However, 
even with the simplifying assumptions; calculation of the far fields in 
terms of the currents is very time consuming. Chapter V presents 
"universal" design curves which predict the approximate magnitude and 
phase of the main and image beams. The use of the design curves reduces 
the number of calculations required to obtain a prescribed beam shape. 
Chapter VI compares the measured and calculated far-field patterns for 
several image beam-shaping antennas and shows sample problems illustra-
ting the use of design curves developed in Chapter V. The final chapter 
covers the conclusions of this study and recommendations for future work 
on the image beam-shaping antenna. 
CHAPTER II 
THE NEAR FIELD 
It will be shown in Chapter IV that the scattered far field from 
a conducting surface can be expressed as an integral equation involving 
the reflector geometry and the incident magnetic field intensity at the 
surface of the reflector. The dependence of this equation, Equation 
(l4), on the magnetic field requires an accurate knowledge of the fields 
at every point on the reflector surface. For a typical image beam-
Shaping reflector, such as shown in Figure k, conventional ray theory 
can be used to find the component of the magnetic field due to direct 
surface illumination by the feed. However, a reflected wave from the 
ground plane must be considered when calculating the total magnetic 
field along the surface of the parabolic section, The purpose of this 
chapter is to develop equations to give the magnetic field along the 
parabolic reflector due to direct energy from the horn and due to 
reflected energy from the ground plane. Before analyzing the problem of 
finding the magnetic field at the reflector, it is necessary to describe 
some general characteristics of line feeds. 
Characteristics of line feeds,--The directivity of the cylindrical 
reflector-type microwave antenna in one plane is determined almost 
entirely by the primary feed because, in this plane, the reflector has 
zero curvature and thus provides no focusing. To obtain the directivity 
usually required, a line-type source is placed along the focal line of 
Figure 5. Oblique View of Horn Feed and Reflector 
^Mid-plane 
b/2 
- I — 
t, 
Figure 6. Cross Section of Two Line Sources Aimed 
i|r Degrees from the Mid-plane 
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the cyl indr ical parabola as shown in Figure 5. A prac t i ca l l i n e feed 
can take the form of a long narrow aperture of lengthjl » A over which 
the phase of the f i e ld in tens i ty i f constant. The f ie ld produced by 
such a radia tor i s usually for descript ive purposes divided into three 
f i e lds : (l) the near f i e ld , (2) the Fresnel f i e ld , and (3) the far 
f i e ld . The near- f ie ld , or cylindrical-wave, region can be subdivided 
into the zone in the immediate vicinity of the source and a quasi-
9 
radiation zone where the distance from the source is greater than the 
narrow source dimension but less than | /A. In the quasi-radiation zone, 
the E- and H-components are essentially tangent to the cylindrical -wave-
fronts and mutually perpendicular to each other. 
The magnitude of the quasi-radiation field from the line-type 
feed in Figure 5 is a function of both x and f, but the phase is invar-
iant with x. When the source is horizontally polarized, the electric 
field intensity is in the x^direction. When the source is vertically 
polarized, the E-vector is in the y-z plane and perpendicular to p, so 
that it is vertical only along the z-axis, but this inconsistency has 
universal acceptance. If the cylindrical wave from an Isolated line 
source is vertically polarized, the quasi-radiation-zone fields are 
given by Equations (l) and (2). These equations describe the steady-
state fields around the feed in Figure 5 when the reflector is removed. 
Hd = iKl 
i j(a>t-(3p) 
e (5 cog| + k sin\|r) (2) 




Ed = h * 
P-h G(t) G(x) 
P 
Ill 
K is a constant of proportionality. 
P is the power transmitted by the line source. 
G(ty) is the relative power gain cf the horn in the y-z plane* 
G(x) is the relative power gain of the horn in the x-direction. 
f3 = 2ii/~h, where 7\ i s t he f r ee - space wavelength. 
CD = 2jtf, where f i s t he f requency, 
i, j, and k are the unit vectors of a rectangular coordinate 
system. 
t is the time. 
i\ is the intrinsic impedance of free space. 
j is /rr. 
H and E are the magnetic and electric field intensities at point 
P due only to direct radiation from the source. The bar above the 
letters shows they are vector quantities. 
\)/, x, and p are the coordinates shown in Figure 5« 
The field above a flat ground plane.—If the parabolic section of the 
reflector in Figure 5 is removed, the total magnetic field intensity 
above the ground plane is the sum of a direct ray H from the horn and a 
reflected ray H' from the ground plane. If the perfect-conducting ground 
plane is flat and infinitely large and the narrow dimension of the line 
source is infinitely small, the principle of images can be applied to 
obtain exact expressions for E and H anywhere above the ground plane. 
To justify the use of images, consider two identical horns fed with 
equal power and positioned symmetrically about a plane midway between 
them as shown in Figure 6. When the horns are properly fed, the total 
electric field intensity along the mid-plane is normal to the plane and 
15 
the total magnetic field is tangential. These are the conditions on E 
and H necessary to satisfy the "boundary conditions at the surface of the 
conductor. Proper feed or phasing of the two horns requires the vertical 
components of the electric field intensities at corresponding points on 
the horns to he equal and the horizontal components to be equal in magni-
tude and 180 degrees out of phase, Thus the conditions along the dotted 
line in Figure 6 are the same as those along the ground plane in Figure 7; 
and the total field intensity above the ground plane can be obtained by 
considering the reflected energy from the ground plane as emanating from 
the image-horn. The image-source radiation corresponds to a geometrical 
reflection of the cylindrical wave from the main feed. At each point on 
the ground plane, reflection occurs as though the incident cylindrical 
wave were an infinite plane wave. If the line source is infinitely thin, 
the current distribution functions of E and H over the horn aperture 
cannot be changed by the proximity of the ground plane, but the magni-
tudes may be changed by a constant factor. This statement is similar to 
the statement that the dipole moment of an infinitesimal dipole may "be 
changed by the presence of a ground plane but the current distribution 
on the dipole cannot change. If the feed is directive in the vertical 
plane, i.e., the vertical aperture is finite, the amplitude distribution 
functions of E and H over the aperture will be significantly changed 
only when the horn is aimed into the ground plane and energy reflected 
from the ground plane goes back into the horn. Some interaction between 
the horn and ground plane always exists, but the effects are small in 
most applications to beam shaping., 
The effect of the ground plane on the power radiated by the horn 
16 
was measured "by comparing the voltage standing-wave ratio in the wave-
guide feeding the horn with and without the ground plane. These measure-
ments showed that the presence of the ground plane has virtually no effect 
on the horn radiation even when the horn is aimed 20 degrees "below the 
z-axis in Figure "J. The vertical dimensions of the horns used in this 
study were between 0.8 and 1.2 wavelengths. 
On the basis of image theory, the reflections from an infinite 
flat ground plane, as shown in Figure "J, are calculated by using 
geometrical optics or ray theory. The total magnetic field above the 
ground plane is the sum of the wave from the image plus the direct wave 
calculated by using Equation (l) or the equivalent expression for 
horizontal polarization. In the special case of vertical polarization, 
the total magnetic field intensity along the parabolic path in Figure 7 
is theoretically 
H. = IL + H,f = iK. Vp~ G(xT 
l d d -L t * 
jut 
P 
-JPP GUI •jfrr 
(3) 
where e is understood, P is the power radiated by the horn in free 
space, and H' is the magnetic field of the wave reflected from the ground 
plane. The subscript "i" on the total magnetic field intensity indicates 
it is the incident field onto the metal parabola, when one is used. 
With the source horizontally polarized, the electric field 
intensities E n and E' are colinear in the quasi-radiation zone and the d d ^ 
total electric field above the ground plane is given by the phasor 
addition of the two components, 
IT 




Figure 7. Ground-plane-feed Geometry 
\ = ^d + K = ^TIV^G^T 
G « i -JPP G^l 
J -j(pr + ft)l 
M'O 
For this polarization, the H and K! quantities are not colinear but 
the components can easily be found from the geometry of Figure 7» The 
i ft 
e term accounts for the 180 degree phase reversal of the reflected 
wave that the ground-plane surface. 
Geometrical optics furnishes a relatively simple way to evaluate 
the reflected waves from flat surfaces very large compared to a wave-
length. Before treating reflections from smaller ground planes, it is 
desirable to treat reflections from a true line source over an infinite 
ground plane by considering the reflected wave as the contribution from 
all currents on the ground plane. It is well known that the surface-
current density on a perfect conductor is equal to the tangential 
18 
magnetic field intensity at the ground plane, so the ground-plane currents 
can be calculated using Equation (l) or the equivalent expression for 
horizontal polarization. Since the true line source is infinitely long, 
Equation (l) is valid for all values of p and \|f. Since the phase of the 
magnetic field from the line source is independent of x, the currents on 
a strip of the ground plane dz wide, infinitely long, and parallel to the 
x-axis all have the same phase and form a line source of current ele-
ments. The ground plane can thus he considered as an array of line-
source current elements which radiate cylindrical waves. The cylindrical 
nature of the waves from the ground-plane strips reduces the problem of 
finding the radiation from the ground-plane elements to a two-dimensional 
one. If the reflected wave in the plane x = 0 in Figure 7 is needed, it 
can be calculated by summing only the effects of currents along the 
ground plane in the x -. 0 plane. If the array of current elements in 
the x = 0 plane is considered as being made up of two arrays separated 
by the parabola, when one moves from right to left, there is a progres-
sive though non>-linear phase lag in the currents on the array to the 
left of the parabola. Although the array on the left of the parabola is 
12 
not an end-fire array, it is similar, and it will produce a maximum 
radiation at some angle less than arcsin b/2F from the negative z-axis, 
For this continuous current distribution, there is only one major lobe, 
so the radiation from this array in the first quadrant is small compared 
to the maximum. The qualitative argument that only current elements on 
the right side of the parabola make significant contributions to the 
fields in this region forms the basis for assuming the fields on the 
right side of the parabola can be found using ray optics, even when the 
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ground plane extends no further than the parabola. Thus, Equations (3) 
and (k) were used to calculate the total fields above flat ground planes 
extending from the parabola to a point back of the bottom lip of the 
feed. The agreement between the calculated and measured data presented 
in Chapter III justifies the restricted use of ray optics in calculating 
reflections from ground planes only six wavelengths wide. 
Curved ground planes.—Concave ground planes establish multiple images 
and give secondary shaped beams having much wider angular coverage than 
beams caused by the flat ground planes. The further need for and use of 
curved ground planes are discussed in Chapter V. In this section, the 
treatment of reflections from flat ground planes is extended to cover 
concave and convex types. 
If the radius of curvature of the ground plane is large compared 
to a wavelength, it can be considered flat over any small region, and 
reflection at any point can still be assumed to occur as though the 
incident cylindrical wave were an infinite plane wave. Geometrical 
optics is again used to find the phase of the direct and reflected 
fields. The method of calculating the magnitude of the reflected wave 
from a flat ground plane is modified to account for the focusing or 
defocusing properties of the curved plane. 
In Figure 8, the steady-state power through a wedge of unit length 
and angle d<t> is the same as that through a wedge of unit length and 
angle d|. Some error is expected here since this analysis is based on 
geometrical optics, which Is exact only at zero wavelength* The time-
average power dP. incident on the area (dJl) (l) can be expressed in two 
ways, 
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I p . l 2 \?.\2 
i 2T| 1 2T) djl sin 7, (5) 
where r is the distance from the feed to the ground plane, y is the 
complement of the angle of incidence, and E. is the peak electric field 
intensity incident onto the ground plane. The power reflected from this 
area is 
-\*A2 aPr = IM V i d£ sin 7, (6) 
where E is the peak magnitude of the reflected electric field intensity 
at the ground plane andR is a distance shown in Figure 8. From 
Equations (5) and (6) it is evident that |E.| = |E |. From the same 
equations, R can be found in terms of r , 4>, and | as 
d<j> 
Ri - r i *p (T) 
Again, conservation of power dictates 
Jd Bi 
2, <r2 + V * = " ^ ^ (8) 
therefore 
E a * L r 2 + E l 
E = J * L 
r2 + Rl 
P+ G(») G(x) 
(9) 
where El. is the peak value of the reflected electric field at point P on 
the parabolic surface, 
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Intersection 
J of Rays 1 and 2 
Figure 8. Geometry of Feed Above a Curved 
Ground Plane 
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The focusing properties of the ground plane can be analyzed by 
studying the variation of d£/d4> in Equation (7) . i is the angle the 
reflected ray from the ground plane makes with the horizontal and is 
positive when measured in the clockwise direction. 4> is the angle of 
the ray from the horn into the ground plane, and is measured counter-
clockwise, as shown in Figure 8. The rate of change of | with respect 
to <!> shows how rapidly the rays diverge after reflection, compared to 
the divergence of the rays from the feed before reflection. This 
analysis will be made by considering ground planes of three shapes. 
(l). When the flat ground plane is horizontal as shown in 
Figure ^, ^ = y = ^, where 7 is the complement of the angle of incidence. 
Since d|/d<D = 1, the distances R and r are equal, which proves the 
reflected rays all apparently emanate from a single image beneath the 
ground plane. The divergence of the rays after reflection from the 
ground plane is the same as the divergence of the rays from the main 
feed. When the ground plane makes an angle a, measured clockwise with 
the horizontal, | = a + 4> and <t> = 7 - a, so d|/d<t> is still unity. 
(2). It can be seen from Figure 8 that the angle between the 
reflected rays 1 and 2 is smaller for a concave ground plane than for a 
flat ground plane. If, for example, the ground plane were a parabolic 
cylinder with the feed at the focal line, rays 1 and 2 would be parallel, 
indicating no divergence of the rays after reflection, i.e., d|/dO = 0 
and R = °°. For a concave ground plane with small curvature, d|/d<t> is 
usually greater than zero and a function of 'K For a ground plane having 
a small radius of curvature, it is possible for d|/d0 to be negative, in 
which case the reflected rays converge to some point above the ground 
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plane. This condition of convergence of rays above the ground plane is 
described here by a negative value of R . It is theoretically possible 
within the approximations used,for the focusing properties of the ground 
plane to make the reflected rays converge on the parabola, giving R = 
-rp and producing an infinite field intensity over a zero space on the 
parabola. In practice, however, the field intensity cannot be infinite 
since the source does not emit a true cylindrical wave and the reflec-
tions calculated using geometrical optics are approximate. Therefore, 
the method of calculating the reflected waves as given by Equation (9) 
cannot be used when R is negative and approximately equal to r in 
magnitude. If the rays from any one section of the ground plane converge 
inside the parabola, the rays from another section will converge on the 
parabola, making Equation (9) unusable. For this reason, the method of 
calculating ground-plane reflections presented here is good for negative 
values of R only if |R | > r for all parts of the ground plane. This 
method is valid for positive values of R so long as the radius of 
curvature of the ground plane is large compared to a wavelength. 
(3). The divergence of the rays after reflection from the ground 
plane is greater than the divergence before reflection only when the 
ground plane is convex in cross section. The general equations developed 
in this section can be applied to convex ground planes, provided there 
is no shadow region and provided the radius of curvature of the ground 
plane is large. 
For all three ground-plane shapes, the phase of the reflected wave 
is based on the optical path between the feed and point P on the parabola. 
This path can be calculated by the following step-by-step procedure, if 
2k 
the shape of the ground plane can be expressed as some function y = f(z) 
(1) . Assuming some initial value of <t>, find the intersection 
(z , y ) of the line r with the ground plane, i.e., satisfy y = 
(z -F) tan $ and y = f(z- ). 
-L -L -1-
(2) . Ca lcu la t e t h e angle 7 = A + <t> where 
df(z) 
t an A = - , 
dz z = z 
1 
(3)« Obtain the equation of the line rp, 
y = -z tan | + (y^ + z tan | ) , 
where I = 7 + A. 
(4). Solve the two simultaneous equations 
y = -z tan £ + (y + z tan | ) , 
P P 1 1 
and 
2 
y = 4Fz , 
Jp P; 
for the intersection of line r and the parabola. 
If the wave is polarized parallel to the ground plane, the phase 
of the reflected wave at P lags the reference fi-eld, the line source, by 
(3(r, + r ) + Jt. For vertically polarized waves there is no phase shift 
at the ground plane and the phase lag at P is [3(r + r ) . 
The final expression for the total electric field intensity at P 
for horizontal polarization is 
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r | «3 rlJ h+ R i 
do) 
£ -J [p(rx + r2) + *]1 
For vertical polarization, the total magnetic field is 
H. = 1KX ̂ 1 ? 
G(\|r) I -JPp (11) 
Ri 
r2 + R l 
2L£ 
r, 
4 -Jgd^ + r2) l 
Equations (10) and (ll) and the geometry of the reflector, such 
as shown in Figure 8, are used to find the incident magnetic field 
intensity at the surface of the parabolic cylinder. The far field is 
then expressed in terms of this magnetic field. 
CHAPTER III 
NEAR-FIELD MEASUREMENT TECHNIQUES AND 
COMPARISON OF CALCULATED AND MEASURED FIELDS 
The general problem of near-zone measurements is to sample 
accurately a given field distribution by means of a small probe or cou-
13 pling loop. The presence of the sampling element always alters the 
original field distribution to some extent, so the smaller the sampling 
element the better. However, as the size of the probe or loop is 
decreased, the power output of the radio-frequency source must be 
increased to give the same reading on the indicating instrument. The 
size and orientation of the transmission line between the sampling ele-
ment and the detector is alsc very important from the standpoint of 
altering the original field. Parallel-wire lines are unsatisfactory at 
microwave frequencies, so small coaxial cables should be used. The far-
field calculations in Chapter IV require that the magnetic field incident 
on the reflector surface be known. However, the magnetic field is 
difficult to measure because the small loops required for such measure-
ments have very poor impedence properties and thus require an excessively 
high-power RF source to give accurate readings at points of low field 
intensity. The measurements in these experiments are performed with a 
small dipole antenna which measures the electric field intensity. If 
the measured electric field intensities agree with the calculated values, 
it follows that the calculated magnetic fields are also correct. 
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Waves polarized normal to the axis of the parabola.--The apparatus used 
to measure the relative electric field intensity around a line source 
polarized parallel to the narrow dimension of the feed is shown in 
Figure 9- This condition corresponds to vertical polarization when the 
horn is in its normal position in the completed antenna. A type 72JA/B 
reflex Klystron oscillator furnished energy to the horn through a varia-
ble attenuator, not shown. The waveguide horn had a small dielectric 
lens in the mouth to create an equiphase surface over the horn aperture. 
The height of the pick-up antenna above the plexiglass template was the 
same height as the center of the horn. The pickup antenna could be 
moved circumferentially and radially. The axis of rotation of the 
support arm did not necessarily go through the exact end of the horn, 
Ik 
because the center of feed is inside the mouth of the horn. A small, 
O.O83 inch OD, rigid, vertical coaxial cable supported the dipole and 
touched the parabolic template. This plexiglass template caused very 
little reflection and served only as a guide to facilitate movement of 
the dipole along the parabolic path. The RF source (frequency = 9300 
mcps) was amplitude modulated by a 1,000 cps square wave. The output of 
the bolometer detector, which was connected to the output of the rigid 
coaxial cable, was applied to a narrow-band amplifier, Hewlett-Packard 
model 4l5B. Since the diameter of the small coaxial cable, normal to the 
E-field, was only O.O65 wavelengths, the perturbation error introduced 
was small. As a verification of this, the coaxial line was covered with 
an absorbing cloth and no differences in readings were discernable. The 
sampling half-wave dipole, perpendicular to the radius arm p, was 0.63 
















Figure 9° Apparatus for Measuring Near Fields above a 
Ground Plane 
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from moving down the outside of the coaxial line. 
When the apparatus in Figure 9 is functioning properly, the meter 
reading on the 4l5B amplifier should be proportional to the square of 
the peak value of the electric field intensity parallel to the pickup 
dipole. The squared relation is due to the square-law "bolometer detector 
used to demodulate the RF waves, Of course, the actual meter reading 
depends on the power transmitted, the impedance match of the RF receiving 
system, and the gain setting of the amplifier. The procedure used in 
taking the measured data in Figures 11, 12, 13, lA(b), and 16 was to 
adjust the gain setting of the amplifier and power output of the trans-
mitter so that a fixed reference field intensity was obtained with the 
ground plane removed and the dipole at y = 0. The ground plane was then 
put into position and readings were taken at various values of y without 
making any change in the gain setting of the amplifier. After the 
readings were taken, the ground plane was removed and the field at y = 0 
was measured again to see if there had beer., any change in the power 
output of the generator. 
It can be seen from Figure 10, which shows the top view of the 
apparatus shown in Figure 9, that the total theoretical electric field 
intensity at the dipole will not be parallel to the dipole. The E-
vector resulting from direct radiation from the horn is perpendicular to 
p and hence parallel to the dipole, but the E-vector reflected from the 
ground plane is perpendicular to r and thus makes an angle (£ - \|/) with 
the dipole. Thus the total component of the electric field parallel to 
the dipole is the phasor sum of E and E* cos(£ - \|r) 0 The dot over the 
E shows it is a phasor quantity, E and E' are the direct and reflected 
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Vertex-*-* 
Horn and Axis of 
Rotation 
~^~ Ground Plane 
-Image 
Figure 10. Orientation of the Feed., Ground Plane, 
and Receiving Dipole 
electric fields which are related to the EL and H' quantities in 
a, d 
Equation (3) "by the intrinsic Impedance cf free space. Since the dipole 
moves in the x = 0 plane, the theoretical E-field component parallel to 
the dipole, E 
par 
is 
E = TIK_ VP~~GT0T 




cos( V)>. (12) 
Since the dipole is moved along the parabolic path and since if, <$>, p , 
and r can all be expressed in terms of y, the field as given by 
Equation (12) can be found in terms of y. Of course, cj> and r are also 
functions of the position of the ground plane; but, for any one ground-
plane position, <t> and r can be expressed in terms of y and parameters„ 
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The theoretical values of the field intensity parallel to the dipole can 
be calculated in a reasonable time by programming a digital computer to 
find E in terms of y and then repeating the problem at intervals 
close enough to obtain sufficient data to plot a curve of field intensity 
vs. y. To be consistent with the measured results, the calculated fields 
are normalized by using the field at y = 0 with no ground plane as the 
reference or 100 per cent value. The calculated fields as shown in 
Figures .11, 12, and 13 were calculated using Equation (12), which holds 
only for the field above a flat ground plane. The measured radiation 
patterns of the horns, see Figure 29, were used to obtain the functions 
of G(\|r) and G(<t>). 
The fields above the curved ground planes as shown in Figures 
l4(b) and 16 cannot be calculated by using Equation (12), but Equation 
(ll) can be easily modified to give the field above the curved ground 
plane. The second term in Equation (ll) is changed by multiplying it by 
cos(| - \J/) to get the component of this field parallel to the dipole. 
Thus the calculated fields E in Figures 14(b) and 16 were obtained 
par v ' 
from 
E = T]K VP G(0) 








cos(I - t) € 
(13) 
-Mr± + r2)" 
The excellent agreement between the calculated and measured fields 
above the ground planes excited by a vertically polarized source justi-
fies the assumption that geometrical optics can be used to calculate the 
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magnitude and phase of the waves reflected from the ground planes having 
a large radius of curvature. The reasons for the small differences in 
the calculated and measured curves will be discussed in the next section. 
As mentioned earlier, the magnetic field is of more interest than 
the electric field, but because of practical difficulties it was neces-
sary to measure the electric field. The agreement between the calculated 
and measured electric fields proves the validity of this method of 
calculating reflections, so it follows that the magnetic field can be 
accurately calculated using the same procedure. 
Sources of error for vertical polarization,--There are five points to be 
discussed which explain why the calculated and measured fields shown in 
the previous figures were not in exact agreement, 
(l). Field calculations were made assuming the horn radiation 
emanates from a line source. The horn aperture is not a line, but in the 
quasi-radiation zone the waves are treated as emanating from some 
"center of feed," a somewhat nebulous and partially fictitious quantity. 
Figure 17 shows an enlarged cross section view of a typical feed. If a 
receiving antenna is rotated at some fixed distance R from the center 
P 
of feed, the phase of the voltage induced in the antenna will be constant. 
Over limited angles, the radiation from the horn can be treated as coming 
from a center of feed inside the mouth of the horn. Obviously the fields 
at angles greater than if cannot be treated as coming from the center 
^ & max 
of feed, but fortunately the low energy levels at such large angles are 
often of secondary importance. 
(2). For the polarization shown in Figure Q> one end of the 














Figure 18. Rear-field Apparatus for Measuring Electric 
Field From Source Polarized Parallel to Lon£ 
Dimension of Source 
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0.32 inch above the ground plane. The proximity of the dipole to the 
ground plane accounts for the discrepancy between the calculated and 
measured fields at values of y just above the ground plane. 
(3). The averaging error caused by the finite length, O.63 inch, 
of the dipole might seem to eliminate the possibility of measuring the 
field intensities at the sharp minima shown in Figures 11 and 12. 
However, this is not true because there is a rapid phase variation with 
y at the minima, and the net voltage induced in the dipole is propor-
tional to an average of the field intensity along the dipole. At a true 
null, for example, there is a l8o degree phase reversal of the electric 
field intensity, so the field intensity at one side cf and close to the 
null is almost the negative of the field an equal distance on the other 
side of the null. Thus the average field over the length of the short 
dipole could be almost zero and the measured field would be very near 
the true field at the null. The agreement between the measured and 
calculated minima in Figures 11 through 16 shows the averaging error is 
not serious, 
(k) 0 The presence of the sampling dipole assembly always alters 
the original field to some extent and causes a .perturbation error. How-
ever, the very small cable leading to the dipole is perpendicular to the 
E-vector and thus gives almost no reflections, The only part of the 
sampling dipole assembly that causes any appreciable reflection is the 
dipole itself. The dipole was made as small as practicable to reduce 
this error to a minimum,, 
(5). Reflections from surrounding objects always cause errors in 
the readings at the minima. However, by proper orientation of equipment 
kl 
in a room 25 by ^0 feet, it was possible to reduce reflection errors to 
0.2 to 0.5db at energy levels 25db below the maximum. These figures are 
based on measurements made indoors and outdoors for the same ground-
plane, horn settings. 
Waves polarized parallel to ground plane.--The measurement problem is 
simplified when the electric field intensity is parallel to the surface 
of the ground plane. First, the dipole is also parallel to the ground 
plane, so measurements can be made at the surface of the ground plane. 
Second, the height of the dipole is constant as y varies, and the 
averaging error caused by the finite length of dipole is common to all 
readings and does not affect the curves of Figures 14(a) and 15. The 
averaging errors due to the dimensions of the antenna in the plane of 
rotation are negligible because the diameter of the dipole is only 
0.0004 wavelengths. 
The only complicating factor associated with this polarization is 
the perturbation of the field caused by the coaxial cable supporting the 
dipole. A vertical coaxial cable similar to the one shown in Figure 9 
is not satisfactory, regardless of the diameter of the cable. A desir-
able coaxial-cable feed is shown by the dotted line B in Figure 18, but 
the mechanical problems involved do not warrant its use. The shorter 
cable A is far enough back of the dipole to minimize reflections from the 
cable and short enough to provide some mechanical support. Additional 
mechanical support is provided by a styrofoam rod between the coaxial 
cable at the dipole and the detector mount. Readings made with and 
without the styrofoam support showed it has no measurable effect on the 
field at the dipole. 
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It .is not possible to measure the field caused by the image system 
alone, but the reliability of this method of field calculation is justi-
fied by the data presented in Figures 11 through 16. The positions and 
magnitudes of the minima in these experiments are very sensitive to the 
position of the center of feed of the horn. This position is not 
precisely known. By trial and error adjustment of the horn position, 
the agreement between calculated and measured values can be made even 
better than that shown in the figures. 
CHAPTER IV 
THE FAR FIELD IE TERMS OF THE REFLECTOR CURRENT DISTRIBUTION 
The far field of an aperture-type antenna of maximum dimension 
D is not well-defined^ hut it is usually taken as that region greater 
than 2D / \ from the antenna. The problem of finding the far field of 
such an antenna is usually solved by use of one of two methods, both 
of which use geometrical optics to find the fields near to or on the 
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antenna. The first method is the aperture-field method which eval-
uates the far field by first assuming a closed surface, near to and 
enclosing the antenna, to be made up of a set of infinitesimal electric 
and magnetic current radiators, and then performing a vector-phasor 
summation of the effects of all the radiators on the surface. In cases 
where the surfaces are large compared to a wavelength, the individual 
radiator on the surface is often treated as a Huygens source., The 
aperture-field method is useful to calculate the beam from a surface 
which has a zero field over all parts except one side which is a flat 
equiphase surface. For this type of problem, the equations developed 
in nearly any antenna book can be used with no modification, so that 
no detailed treatment of this method is presented here. The second 
method is the current-distribution method, which treats the currents on 
the antenna surface as a set of infinitesimal electric current radiators 
and expresses the far field as a vector-phasor summation of the contri-
butions from all the individual radiators- Because ray theory, which 
kk 
is approximate at microwave frequencies, is applied twice to calculate 
the fields on the closed surface associated with the aperture-field 
method and is applied only once to calculate the currents used in the 
current-distribution method, the current-distribution method is the more 
accurate of the two methods when applied to far-field calculations of 
image beam-shaping antennas. For all but the equiphase apertures, where 
the aperture-field method is best, there is little difference between 
the complexity of the two methods, since both involve very complicated 
integrals. The purpose of this chapter is to adapt the general current-
distribution equations to cylindrical reflectors fed by line sources. 
The current-distribution method.--In this analysis, the current-
distribution method of obtaining scattered fields is applied to a re-
flector which will be treated as a perfect conductor. This method sums 
the effects of contributions of three source distributions: (l) the 
surface electric currents over the reflector suface, (2) the surface 
electric charges on the reflector surface, and (3) the line-charge dis-
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tribution around the reflector boundary. Silver shows that if the 
current and charge distributions satisfy the equation of continuity of 
current, the scattered fields can be expressed in terms of the currents 
alone. The scattered field intensity in the far field given in terms of 
the incident magnetic field intensity H. on the reflector S , shown in 
1 o 7 
17 
Figure 19, is " 
o 
(nxH. ) ° r_ 
±J 1 r 
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Figure 19. Reflector-feed Geometry 
E is the scattered far-field electric field intensity^ p is 2jt/\, and H. 
is the magnetic field intensity incident at the reflector surface. Equa-
tion (l4) can be expressed in terms of currents by applying the well-known 
relationship 
K = 2(ExHi), (15) 
where K is the surface current density in amperes per meter. 
It is well known that in the far field, the electric and magnetic 
fields are mutually perpendicular to each other and to the direction of 
propagation of energy_, i.e,, the two fields have no radial components in-
volving l/R, In the following section} relationships are developed (l) to 
show that the scattered far field as given by Equation (l̂ -) has only com-
k6 
ponents transverse to r and (2) to adapt this equation to cylindrical 
surfaces. The analyses for horizontal and vertical polarization differ, 
so they will be treated separately. 
Vertical polarization.--For a wave linearly polarized in the vertical 
plane, the magnetic field intensity incident on the surface of the re-
flector in Figure 20 is 
Hi(p^,x) = iHi(p,i,x), (16) 
and the conduction current on the reflector is in the direction of the 
unit vector T which is tangent to the surface. It follows that 
(nxH. ) T-i 
i' 1 = r. 
(nxi) *rnH. 
v / 1 1 
= r.,(T*r-,)H. = r,H. cos u, 
1 1' 1 1 1 J (IT) 
where u is the angle between T and r . The vector (nxH) can also be ex-
pressed in spherical coordinates as 
nxH. = TH. = H.(rn cos u + 0n sin u), 1 i ix 1 1 } 
(18) 
where r } Q , and 0-, are the three unit vectors used in a standard spheri-
cal coordinate system. From the information in Equations (17) and (l8) 
it can be shown that the integrand of Equation (l̂ -) has only a 0 component 
and hence can be written 
E 
s0 
- j ^ _ -JPR 
2rtR o 
I H.(p,*pc) sin u eJP(p
+lx)-rl ds (19) 
Also (p+ix)°r can be simplified by expressing r and p in terms of rec-
tangular coordinates as 
1̂7 
Figure 20 (a) 
Figure 20 ("b). Geometry for a Cylindrical Reflector 
Fed by a Line Source 
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(p+ix)*r = (ix + jp sin ^ - kp cos i|r) (20) 
•(i cos $ sin 0 + j sin 0 sin G + k cos 6) 
= x cos $ sin 9 + p sin 0 sin \(r sin Q - p cos )Jr cos 0 . 
If r is in the y-z plane, 0 = JT/2, and 
(p+ix)°r = - p cos (^+9). (21) 
The reflector is in the quasi-radiation zone of the line feed, so the 
expression for the magnetic field is separable into the product of two 
functions as in Equation (l). However, it is convenient to express the 
incident magnetic field H.(p,$;x) in terms of the product of two func-
tions N(x) and M(p,\Jr), instead of G(x), "'\T * t and e
 J P P
; so let 
Hi(p^,x) = N(x) M(p,\|r). (22) 
The units for N(x) and M(ty,p) are not important because these terms are 
used only to calculate radiation patterns where units are unimportant. 
By using Equations (2l) and (22), the scattered field can be written as 
I 
E s 0 = Z^e-Je
RoJ N(x) to Cn(p^) sin u €-^P COB(^) dL (23) 
- £ path a-b 
This equation gives the magnitude and phase of the scattered field in 
terms of the reference distance R measured from the center of the line 
o 
h9 
feed. In many cases the numerical evaluation of the integrals is simpli 
fied by putting the origin at some other point. By referring to Figure 
20(b), it is evident that 
R + p cos (0 + i) = R, (2*0 
when r is the y-z plane. After substitution of this relationship into 
Equation (23), the scattered field equation becomes 




C = =^j B(x) to. (26) 
"I 
An examination of the integrand of Equation (25) shows that it 
has the same form as the radiation field of an infinitesimal electric 
dipole carrying a current proportional to M(p,\|r). The function M(p,\|r) 
does not have the units of current, but it is directly proportional to 
current on the reflector surface. To show this, consider a reflector 
with no ground plane fed by a single line source as shown in Figure 20. 
An inspection of the magnetic field intensity incident on the surface 
of the reflector, given in Equation (l), shows that 
M(p,i|r) = 




N(x) = K P.G(x) 
1 v ' 
(28) 
m Since the magnetic field is proportional to and the surface cur-rent density equals the tangential component of H incident on the sur-
face, the total H for this polarization, certainly M(p,"̂ ) is proportional 
to the current on the surface for this case. This condition and the 
common form of the far field of an electric dipole and the integrand of 
Equation (25) warrant calling M(p,ty) a "current". So even though this 
function is not a true current, it behaves as one and will be written as 
M(p/|r) = i(y)€ J*(y) (29) 
When the ground plane is added to the reflector, the expression for 
M(p,\Jr) is more complicated than that given by Equation (27), but it can 
still be calculated using the formulas given in Chapter II. Thus the 
form of the far-field integral for E n is written as 
s0 
E 
S0 i ( y ) e 
pa th a-b 
j<Ky) s i n u e djl. (30; 
Theoretically, each part of the integrand in Equation (30) can 
be expressed in terms of y, z, and 0, and if the reflector-surface cross 
section is y = f(z), the integrand can be expressed in terms of a single 
variable y and the parameter 0 . This is demonstrated in the following 
pages by considering the reflector to be a cylindrical parabola. The 
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following relationships given by Equation (31) aPPly "to the parabola 
shown in Figure 21. 
tan 6 = |£, 
dz' sin 6 = 
dy 
d£:- = 1 + ^y, 
cos v = ^FdP 
tan v = —. 
R - R = d cos(v - 9), 
R dz cos 6 = n , 
u = 6 - e, 
d£ sin(5 - 0 ) = dy(cos 0 - |r sine), 
(3D 
d cos(v - 0) = S=r(y cos 0 + ̂ F sin 0). 
"When the relationships in Equation (31) are used to express the 










cos 9-7= sin 
2F (32) 
j f e y cos 0 + 4F sin 0) + 4>(y)Lyi 
Equation (32) can be used to find the fair field due to currents on the 
parabola caused by a line feed at the focal line or in any position 
parallel to the focal line, so long as the reflector is in the quasi-
radiation zone of the feed, 
Equation (32) is called the "final" form of the far-field inte-
gral for vertically polarized waves because this is the equation that 
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Figure 21. Parabolic-cylinder and Line-feed 
Geometry 
will be used to calculate the shape of the main and image beams of the 
vertically polarized antenna discussed in Chapter VI. The current dis-
tribution due to direct radiation from the horn into the parabola is 
used to calculate the main beam, and a separate current distribution 
caused by energy reflected from the ground plane into the parabola is 
used to calculate the image beam. The reasons for not finding the sum 
of the main and image beams in one operation are discussed in Chapter 
VI. The integral, Equation (32), will be evaluated when a preliminary 
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problem is first worked to find the values of l(y) and <$>(y) at equally 
spaced intervals of y and then the integral is approximated by a finite 
summation of phasor terms. The far field will then be evaluated at 
selected values of 9 to find the shape of the beam, 
In the following paragraph, the "final" form of the far-field 
equation as given by Equation (32) will be simplified for the special 
case where the feed is at the focal line. Several approximations will 
be made to show the connection between the current-distribution and 
aperture-field methods of representing the far field of an antenna. 
When a line feed is placed along the focal line of a cylindrical 
parabola with no ground, plane, the "current" on the surface is given by 
i(y) £
J* ( y ) = mi -jpp (33) 
and 
p » p + z = F + y 
£F° 
(3*0 
From the phase function <t>(y) expressed in terms of F and y, the exponent 
of € is Equation (32) is 
JP 
2 
-•(cos - l) + y sin 0 -F 
For vejry small angles, this quantity can be approximated by 
jp(y sin 0 - F), since (cos G - .l) « 0. This approximation is useful 
in calculating beam shapes for antennas very large compared to a wave-
length, because for large antennas most of the radiation is restricted 
to a narrow region close to the axis of the parabola. Also for small 
5̂  
angles, (cos 6 - %-- sin 9 ) « 1, "because sin 0 is very small and for most 
antennas y is less than 2F. From these approximations Equation (32) is 
written 
Ese = R" e 
C -Jp(Rv+F) 
^ 
GUI JPy sin 0 ay, (35) 
which is one form of the far field as given by the aperture-field method 
when applied to an equiphase surface. The magnitude of the integrand in 
Equation (35) is |G(^)/P 2> anc3- this term is directly proportional to the 
field intensity at the surface of the reflector, Because of the colli-
mating properties of the parabola , [G(lr)/p] is also proportional to the 
field intensity on the eQuiphase aperture represented by the mouth of 
the parabolic reflector, For this reason, G-(Hr)/p 2 is the aperture 
illumination function F(y) for the parabolic cylinder fed by the line 
source. 
Horizontal polarization,,--When the source is horizontally polarized, 
H (p,t,x) = ^ H ^ p ^ x ) , (36) 
where \Jr is the unit vector normal to p as shown in Figure 20(b)„ It 
follows that 
(nxH.)°r1 s i' 1 = r. (-1H. cos c)°r (37) 
= -r..H. cos i sin 6 cos $, 
1 1 J 
and 
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nxH. = -iH. cos i (38) 
= -H. cos L r sin d cos 0-0 cos 0 cos $ - $ sin <£> J 
where i is the angle of incidence of the wave from the feed as it strikes 
the cylindrical surface shown in Figure 20. 
Next, the results of Equations (37) and- (3&) c a n ^e used to show 
that the far field as given by Equation (l4) has no radial component 
for this polarization. In the y-z plane, where $ = jt/2, the electric 
field is in the $ direction and is given by 
E , = ̂ f r J P R° f H,(p,+ ,x) cos t eJP(P^)-
?l ds. (39) 
4, 
Equation (39) is the horizontal-polarization equivalent of Equation (19) 
and it is reduced to 
[(p,i|r) cos te"^ R djl (ko) M 
a-b 
in exactly the same manner as Equation (19) was reduced to Equation (25) 
The C above is still given by Equation (26). The only difference in 
Equations (25) and (ho) is that the sin u in Equation 25 is replaced by 
cos 1 in Equation (ho). The angle u is the angle between the tangent 
to the reflector in Figure 20 and the vector r , whereas 1 is the sup-
plement of the angle between the normal to the reflector and the vector 
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p. The vector p gives the reverse of the direction of propagation of 
energy from the feed. Note that i is not a, function of 0 but u is. 
Since i is not a function of 9 , the cos L term will be included as a 
factor in determining l(y) for this polarization. Thus, when the source 
is horizontally polarized, 
M ( p ^ ) COS i = l ( y ) e j^iy) 5iii COS I € 3<Ky) (M) 
Now Equations (27) and'(̂ -i) are both consistent with the well-known 
relationship that the surface current on a conductor is directly pro-
portional to the component of magnetic field intensity parallel to the 
conducting surface. For horizontal polarization, the surface currents 
are flowing perpendicular to the y-z plane, and individually the cur-
rent elements, considered as infinitesimal radiators^ are non-directional 
in this plane. When the relationship given in Equation (̂-l) is substi-
tuted into Equation (̂ 4-0), the far-field equation is written 
*s» = i - / *w*
3<r) £"JPR &i 
path a-b 
(42) 
The. term <t>(y), as given by Equation (̂-l) is equal to -(3p, but this is 
a special case of the current caused by a single line source in Figure 
20. For more complicated feeds, 4>(y) must be found by other methods 
(see Chapter II), but regardless of the complexity of the terms, Equa-
tion (k-2) gives the far field due to "currents" l(y)e excited by 
a horizontally polarized source, 
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When the cross section of the reflector is parabolic, Equations 
(31) and (k±) are used to express all variables in terms of y and the 
"final" form of the far-field integral is 
; c - J p R v E * = 5" € s<J> R o ^y 
i i 
G 
y cosQ + k-F sinQ + 4>(y i ay. (^3) 
This equation will be used to calculate the main and image beams of the 
horizontally polarized antenna discussed in Chapter VI. Although Equa-
tion (̂ 3) can be used only to calculate the fields of parabolic reflec-
tors, the line feed does not have to be at the focal line but it must be 
parallel to the focal line. 
As in the case of the vertically polarized antenna, the far-field 
integral Equation (̂ 3) c a n "be simplified for the special case when the 
feed is at the focal line. From Figure 21 it can be seen that when the 
feed is at the focal, the angle of incidence 1 is \|r/2 „ From the basic 
equation of a parabola, 
\lr /F 
3 2 = \l ~> M) 
and 
F + z = F 1 + ( ^ ) 2 (̂ 5) 
When Equations {hi), (kk), and (̂ 5) are used, Equation (̂ 3) c a n 1°e 
written 
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EsO = R~ € 
-JPH, 
y^ 
aiil i oP G 
^•(cos0-l) + y sin 0 - F! 
dy, (W) 
If the dimensions of the reflector are large compared to a wavelength _, 






jp y sin 6 
^y. (Vf) 
which is the same as the far-field integral used in finding radiation 
patterns using the aperture-field method„ The far fields from horizon-
tally and vertically polarized antennas differ for wide-angle beams <, 
but Equations (35) and (̂ 7) show that the differences in the beam shapes 
decrease as the dimensions of the antenna increase„ 
CHAPTER. V 
GENERAL CHARACTERISTICS OF MAIN AND IMAGE BEAMS OF PARABOLIC ANTENNAS 
It will be shown in Chapter VI that the calculated and measured 
radiation patterns of image beam-shaping antennas are in good agreement 
except at very low power levels<, However, obtaining a certain radiation 
pattern by assuming reflector shapes and calculating the corresponding 
patterns until the desired result is obtained is a long and costly proce-
dure . The digital computer time alone required to calculate one pattern 
is from three to six hours, depending on the beam shape and the angular 
spacing between calculated points. The time required to calculate the 
shape of one pattern necessitates some short-cut method to give the 
general shape of the beams without having to evaluate the far-field 
integrals. The parabolic reflector has been found experimentally to be 
well-suited to image beam-shaping problems0 Because of the nature of 
the diffraction fields from parabolic antennas and because of additional 
practical restrictions on the feed and parabola,, the radiation patterns 
encountered In Image beam-shaping applications have certain predictable 
features which can be used to plot ''universal3' design curves0 These 
curves are used to find approximate beamwidths, beam magnitudes and 
positions, and phase relationships between the fields of the main and 
image beams„ The main beam, by definition, is the beam caused by the 
currents on the parabola which were caused by direct radiation from the 
feed„ This current is called the main-beam current„ The beamwidth and 
6o 
other features of this beam can be predicted from a knowledge of the 
reflector dimensions in wavelengths and the main-beam current distribu-
tion on the reflectoro The image beam, by definition, is the beam 
caused by the currents on the parabola resulting from reflections from 
the ground plane. The image beam caused by a ground plane of arbitrary 
shape cannot be predicted accurately, but the features of the image beam 
caused by a flat ground plane and also by specific curved ground planes 
can be predicted using the design curves presented in this chapter. The 
flat ground plane gives at best a shaped beam with a limited angular 
coverage. The curved ground plane is used to give a wide-angle shaped 
beam,, The use of the design curves obviates many preliminary far-field 
integrations, but in general these curves cannot be expected to give 
results accurate enough to eliminate all integrations. The design curves 
also show the effects of variation of all parameters of the antenna. 
As stated earlier, the main and image beams combine with the 
direct ground-plane beam and the direct-horn beam to give the total far 
field at any elevation angle0 In the angular region near the peak of 
the main beam, the direct ground-plane and direct-horn beams are always 
very small and can be neglected in determining the total field near the 
peak of the beairu The most critical angular region in the pattern is 
that region between the main- and image-beam peaks where the two field 
intensities are of comparable magnitude. Improper phase relationships 
here can result in a distinct null between the peaks of the two beams. 
For any one combination of a flat ground plane and parabolic 
reflector, the design curves can be used to predict the magnitude of the 
main- and image-beam field intensities and the phase relationships 
6l 
between thema To obtain complete information on both, beams, it is neces-
sary to examine the following pertinent points: 
(l). The magnitude and phase of the field intensity in the main 
beam, using the peak of the beam as a reference; 
(2), The magnitude and phase of the image beam, caused by a flat 
ground plane, relative to the field at the peak of the image 
beam; 
(3)« The magnitude and phase of the field intensity at the peak 
of the image beam relative to the peak of the main beam; 
(k). The angular position of the peak of the image beam in terms 
of the position of the flat ground plane; 
(5). Changes in the shape of the image beam as the flat ground 
plane is made convex. 
These pertinent points are examined in detail in the following 
sections„ 
The magnitude and phase of the main beam.-—The main beam of the parabolic 
reflector is calculated by using either Equation (32) or (43), depending 
on the polarization., Approximate main-beam values for either polariza-
tion can be calculated by using Equation (35) . Th.e form, of Equation (35) 
is the same as that of the aperture-field method if G(^)/p| is 
replaced by F(y), which is called the illumination function of the aper-
ture o Before presenting the design curves for the main beams, it is 
necessary to discuss briefly the effects of changing the illumination 
function F(y). This discussion is based on the use of Equation (35); 
which is approximate but reliable for apertures large compared to a 
wavelength. 
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It is usually convenient in far-field calculations to normalize 
the field intensity, so Equation (35) is written as 
U = U 6 ^ m = K J . ^ ( y ) E ̂
 S i n ° dy (48) 
m m 3/ 
F(y) cos(Py sin 0) dy + jl F(y) sin(py sin6)dy 
where 
K. = — = (h9) 
F(y) ay 
U is the magnitude of the normalized field intensity of the main beam 
for either polarization and always has a maximum value of one at G = 0. 
Q, is the time phase angle of the field intensity with respect to the 
phase at 6 = 0, One feature of the main beam which is evident from 
Equation (48) is that U is an even function of 6, and Q, is an odd func-
m m 
tion, In general, each different illumination function produces a 
different radiation pattern,, To illustrate the differences in the main 
beams caused by different illumination functions, three specific examples 
have been worked out in detail using Equation (48)0 The results of these 
calculations are shown in Figure 22. The three examples A, B, and C have 
sinusoidal type illumination functions with different degrees of asymme-
try over an aperture 11 wavelengths high, A being one inch. The origin 
is placed at the bottom of "the aperture,, The main purpose of these 
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Of case A and the asymmetrical illuminations of cases B and C. The 
symmetrically illuminated aperture is similar to that found in most 
conventional parabolic antennas} and the asymmetrically illuminated aper-
ture shown here is representative of problems encountered in image 
beam-shaping applications. The most noticeable difference between the 
curves of cases A and C is in the minor lobe structure. This difference 
can be explained by reference to Equation (k-8) when it is applied to a 
symmetrically illuminated aperture. If y is the center of the aperture 
as shown in Figure 23, the substitution of y? = y - y into Equation (h-8) 
c 
gives 
U = K 
m 3 F(y' + y0) ,
 M r + yc> sin e ay' 
-D./2 
D/2 
F(yf + yc) e 
JPiy + y ) sin c dy1 
(50) 
When the substitution y" 
(50) becomes 
U = K e JPyc
 s ^ 
m 3 
- y* is made in the first integral; Equation 
D/2 
F(y„ - y») e ~ ^ Sin ° dy" (51) 
D/2 
F(v + y') e ^ '
s i n 9
 dy. 
If the illumination function is even about the center of the aperture^ 
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Figure 23. Geometry of Two-dimensional Diffraction Problem 
D/2 
U = 2K e JPyc S l n 0| F(y + y1) cos(py' sin 0) dy'. 
m j5 
(52) 
Equation (52) verifies the well-known fact that the magnitude of the far 
field is not dependent on the position of the origin, but the phase is. 
If the origin is placed at the center of the aperture, y = 0, U becomes 
a real number, and obviously a pattern null occurs where the integral is 
zero. The total pattern consists of a single principal lobe and a series 
of minor or side lobes separated by well-defined nulls. Unless the 
illumination is symmetrical, the resultant field is a complex number 
regardless of the position of the origina The real and imaginary parts 
are represented by different functions and very rarely are both terms 
zero at the same angle 6. Since the total field is the square root of 
the sum of the squares of the real and imaginary parts, true nulls are 
66 
unusual for apertures with asymmetrical illumination. As shown in 
Figure 22, the sharpness of the minima bexween the lobes decreases as 
the illumination is made more asymmetrical. While the different illumi-
nation functions give different beam shapes, the values of U and Q, for 
' m m 
any one aperture illumination, plotted as a function of p D/2 sin 0, are 
-i Q 
independent of D and 7\ so long as B»7\. This plot of U or fl vs. 
P D/2 sin 6 can be loosely called a "universal" design curve for this 
illumination. Practical, limitations on antennas in certain categories 
often restrict the aperture illumination sufficiently to allow universal 
design curves to be used effectively. For example, the antenna used to 
give a "pencil beam" has an illumination F(y) almost symmetrical about 
the center of its aperture because the symmetrical feed-horn pattern 
must be directive enough to prevent excessive spillover energy at the 
edges of the reflector. To facilitate the design of this type antenna, 
semi-empirical formulas and curves have been developed to give the half-
power beamwidths and side-lobe levels in terms of A/D and the taper of 
the illumination at the edges of the aperture. 
All image beam-shaping antennas of the cylindrical type also have 
certain common features which restrict the illumination functions. For 
example, the main-beam current distribution is necessarily asymmetrical 
because the horn must be aimed below the reflector center so that energy 
is directed into the ground plane to give an image beam. The exact aim 
of the feed is determined by the desired amplitude of the image beam 
relative to the main beam. The resulting main-beam current on the bottom 
of the parabola is much greater than that at the top because spillover 
restrictions still limit the energy level at the top. Experiments by the 
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author show that the horn for most beam-shaping applications will be 
aimed at a point not more than y = D /5 above the vertex and not below 
the vertex. D is the vertical height of the parabolic reflector above 
the vertex, as shown in Figure 26. 
Universal design curves for illuminations typical of main beams 
of image beam-shaping antennas are shown in Figures 2k and 25. The data 
for these curves were calculated using Equation (kQ) with the origin at 
the vertex of the reflector„ The curves give essentially the same beams 
as those obtained using Equations (32) and (4-3). Consistent with 





where G(\|/") is the gain function of the practical line feed, see Figure 
29 for typical primary patterns. The unit of the abscissa in Figures 
2k and 25 is the half-power beamwidth which differs from the units of 
P D/2 sin Q by a constant, since sin Q « Q for the narrow beams. The 
parameter in these figures is the normalized illumination function 
f(y ), which is given by 
m 
F(yJ 
m f (XJ = W7TT X 100 = 
"m F(y ) 
o 




X 100, (5^) 
where ty is the aim of the horn as shown in Figure 26. Figure 2k shows 
the effect of changing the level of f(y ) when the maximum illumination 
m 
is at the bottom of the reflector. The aperture illumination used in 
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for the horns as shown in Figure 29, so that the value of f(y ) tells 
more than just the illumination at the top of the aperture. Figure 25 
is the same as Figure 2k, except the maximum illumination occurs at a 
point D /5 above the bottom of the aperture. It has been found experi-
mentally that, to limit the spillover energy to an acceptable value, the 
gain of the feed in the ty direction should be about 10 db below the 
m 
maximum gain of the feed. For reflectors used in image beam-shaping 
applications, the value of G(\|r ) = - 10 db gives a value of f(y ) in the 
m m 
neighborhood of 25 per cent, the actual value depending on the ratio of 
the focal length to the height of the reflector. In some cases it may 
be necessary to make G(^ ) as large as - 8 db and in others it may be as 
m 
low as - 12 to - Ik- db, but the - 10 db figure is usually a good starting 
point. 
The radiation from the section of the parabola blocked by the feed 
requires special treatment. In calculations of the far field by the 
aperture-field method, the portion of the aperture blocked by the horn 
19 is assumed to have F(y) equal to zero. In the current-distribution 
method, the section of the parabola masked by the horn feed is a function 
of the angle 9. Since both methods involve approximations, main-beam 
calculations were made in which only the section of the parabola above 
the vertex was considered as being active and the blocking action of the 
horn was neglected. In the final antenna, this blocking action is 
usually unimportant because the flat ground plane of Figure 26 will 
usually be changed to a curved ground plane similar to the one shown in 
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The universal-design phase curves are based on the origin being 
at the bottom of the aperture, the vertex of the parabola; therefore, in 
cases where y is above the origin, a corrective phase term ((3y sin 9) 
a a 
must be added to the values obtained from the curves„ The magnitude of 
the main beam is not affected by changing the position of the origin. 
Before any numerical values can be assigned to the field intensity 
in the main beam, the half-power beamwidth BW must be known. For any 
flat equiphase aperture, the beamwidth is given by the well-known 
relationship 
BW = K £ , (55) 
m o D 
v 
where K is the beamwidth factor determined by the illumination function 
o 
F(y), and D is the height of the parabola above the vertex. For antennas 
with uniform illumination, K is about 51 a^d for some low side-lobe-
' o 
level antennas it may be as high as 100. The design curves in Figure 27 
show the theoretical constant K as a function of the normalized illumi-
o 
nation at the upper edge of the reflector,, Curve A is based on the horn 
being aimed at the vertex of the parabola and giving a maximum F(y) at 
the bottom of the aperture. Curve B is used when the horn is aimed at a 
point D /5 above the vertex„ Values of K for intermediate horn aims 
v o 
can be obtained by interpolation between curves A and B, 
The magnitude and phase of the image beam-—The shape of the image beam 
is a function of the shape and location of the ground plane, the aim and 
directivity of the feed, the size of the parabolic reflector, and the 
frequency. It is not practical to provide design curves or data to 
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predict the image beam caused by a ground plane of arbitrary shape, but 
design curves for flat ground planes are practical. A wide variety of 
problems can be treated by a consideration of the flat ground plane as a 
building block and then a modification cf the shape of the ground plane 
to give increased angular shaped-beam coverage. Thus the flat ground 
plane, which is most important, is seldom used in practice, except as an 
intermediate step in the design of the final curved ground plane. 
The image beam caused by a flat ground plane is similar to the 
secondary pattern of a parabola fed by an off-axis source. This type of 
antenna has the property that as the line source is displaced below the 
axis of the parabolic reflector, the resulting secondary beam will be 
displaced on the upper side of the axis by an angle proportional to the 
feed displacemento As the angular displacement increases, both the 
beamwidth and side-lobe level increase, slowly at first and then more 
rapidly as the angle increases.. The widening of the image beam in the 
vertical plane is advantageous because the wider beam gives greater 
vertical-plane coverage. 
As was the case with the main-beam current distribution, the 
current distribution which causes the image beam, called the image-beam 
current, is also restricted by practical limitations. Because the feed-
horn pattern is symmetrical, the current on the parabola resulting from 
reflections from a flat ground plane is a maximum at the bottom of the 
reflector, except in isolated cases where the horn is aimed well below 
the vertex of the parabola. In order to get a shaped beam with a large 
angular coverage, the position of the ground plane should be adjusted so 
that the peak of the image beam is as far from the main beam as possible 
Ih 
without creating a dip or null in the overall pattern in the region 
between the main and image beams. The shapes of the main and image beams 
limit the peak of the image beam to an angular position less than two 
main-beam beamwidths from the axis of the parabola. The physical size of 
the feed prevents the ground plane from being closer than half the height 
of the feed from the axis. As a result of these restrictions, the peak 
of the image beam will usually be between one and two beamwidths from 
the peak of the main beam. 
Another restriction on the antenna is the ratio of the focal 
length F to the height D of the reflector. This ratio is important 
v 
because it dictates the directivity of the line feed. From the stand-
point of the accuracy of the calculated ground-plane reflections, the 
vertical dimension of the feed should be as small as possible to approx-
imate a true line source. Since the feed must be directive enough to 
limit spillover at the top of the reflector, a larger vertical dimension 
for the feed is needed. Also from the discussion on the center of feed 
in Chapter III, it is obvious that the feed cannot properly illuminate 
the reflector if the required 10 db beamwidth is as much as 180 degrees. 
The net results of the above restrictions and the results of actual 
pattern measurements show the F/D ratio should be between 0.5 and 0,8. 
v 
The restrictions on the antenna employing a single flat ground 
plane parallel to the axis of the parabola are summarized below. 
(l). The primary feed is aimed at a point between the vertex and 
D /5 above the vertex of the parabola„ 
(2) . The gain of the feed in the \|f direction is nominally 10 db 
below the maximum gain, 
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(3). The F/D ratio of the parabola is between 0.5 and 0.8o 
As previously stated, the integrals involved in the current-
distribution method of finding the far fields are difficult to evaluate, 
even for such simple problems as a parabola fed by a line source at the 
focal line. When the horn is moved off-axis, the integrals are so 
complex that the only practical way to find the far field is by the use 
of a digital computer. Figure 28 shows three typical image beams calc-
lated on an IBM 65O computer using Equation (32). The current distribu-
tion results from illumination by horn number 1, see Figure 29, aimed at 
the vertex of a parabola having a F/D ratio of O.77. The focal length 
of the parabola is 8.0 inches and the flat ground plane is parallel to 
the axis and below it by distances of 0.75> 1.0, and 1.25 inches respec-
tively for beams A, B, and C. The curves were not normalized, so that 
changes in amplitude with ground-plane position could be studied. It 
can be seen from Figure 28 that the three beams have similar shapes but 
that the asymmetry of the beams Increases slightly as the beam displace-
ment angle increases. The information contained in Figure 28 and 
additional data on twenty typical image beams were used to plot the 
design image beam shown in Figure 30. Only one curve each is shown for 
U. and Q because the image-beam current distribution and the resulting 
secondary image beams will all be similar if the antenna is subject to 
the restrictions listed on page 7 4. The accuracy of the design image 
beam is not as good as that of the design curves for the main beams, but 
it is sufficiently accurate for preliminary design work. 
In the treatment of the main beam, the portion of the parabola 
below the vertex was neglected because of the blocking action of the 
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Figure 28„ Typical Calculated Image Beams 
feed. The treatment of the image beam is different because its peak is 
above the axis of the parabola. From the blocking standpoint, the horn 
has little effect on the image beam above its peak, but it does have 
some effect on the beam between the peak and the axis of the parabola0 
However, calculations in the study were made under the assumption that 
the entire parabola is active in determining the image-beam shape. This 
assumption is justified if it is noted how the image beam would be calcu-
lated by the aperture-field method. Consider the aperture to be used, as 
a plane parallel to the y-axis and passing through the focal line in 
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parabola is reflected so that it intersects the plane through the focal 
point at a point above the focal line. All other rays from the image 
that are reflected from the parabola also go through the aperture at 
points above the focal line. Since there is a one-to-one correspondence 
between points on the reflector and points on the aperture, the aperture 
illumination function is determined by all parts of the parabola and 
therefore calculations by the aperture-field method would in effect be 
made using the entire parabola. Since the aperture-field and current-
distribution methods of calculating far fields give comparable results 
when properly applied, the blocking action by the horn is not considered 
when the current-distribution method is used in these calculations, 
Before the actual image-beam field intensity can be found using 
Figure 30, the half-power beamwidth must be known. The half-power beam-
width of the image beam cannot be conveniently expressed as K A/D 
because the beam shape, as well as position, depends upon the position 
of the image, which determines the phase of the current distribution on 
the parabola. This beamwidth is dependent on so many factors that a 
family of curves must be used to represent It. The curves in Figures 31 
and 32 which were plotted from data calculated from Equations (32) and 
(•k-3) > skow how rapidly the image-beam beamwidth increases as the image 
is moved away from the axis of the reflector. The shape of these curves 
can be explained by use of Figure 26. It is evident in this figure that 
the rays emanating from the image deviate from parallelism after reflec-
tion from the parabola because only rays from a horn at the focal line 
will be collimated by the parabola. Geometrical optics applied to rays 
from the image shows that the ray incident at the vertex is reflected 
80 
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Figure 31 (b)» Image-beam Main-beam Beamwi&th Ratio as 
a Function of Image Displacement 
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Figure 32« Image-beam Main-beam Beamwidth Ratio as a 
Function of Image Displacement 
above the axis at an angle equal to the angular displacement of the 
image below the axis. The ray hitting any part of the parabola between 
y = 0 and y = 2F will be reflected above the axis by an angle which 
decreases from arctan b/F for y = 0 to an angle 0 at y = 2F. Since the 
reflected rays are not parallel, the position of the peak of the image 
beam and its shape will depend on which section of the parabola carries 
the largest image-beam-producing currents„ For any one frequency and 
position of the image, the phase of the currents on the parabola are 
fixed, but beamwidth and position of the image beam depend on the magni-
tude of the currents, which in turn is dependent on the aim and 
directivity of the primary feed. These factors account for the differ-
ences in the curves A-1 and A-2 in Figure 31(a) which differ only in the 
horn and horn aim. The data for A-1 were calculated using the current 
32 
distribution resulting from a horn aimed at the vertex and having 
G(ty ) = 10 db below the peak horn gain, while the data for A-2 were based 
on a horn aimed D /5 above the vertex and also having G(\|/ ) = - 10 db. 
For both conditions, the restrictions on image beam-shaping antennas give 
an image-beam current distribution having a maximum at the bottom of the 
reflector, but the current for A-2 falls off much more rapidly with 
increasing y than the current in A-l because the".directivity of the horn 
horn for A-2 is greater than that used in A-l. For condition A-2, a 
large section of the parabola carries an image current so small that it 
has little effect on the half-power beamwidth. The "active" section of 
the reflector determines the beamwidth so that the beamwidth for A-2 is 
larger than the beamwidth in the corresponding condition in A-l, 
These design curves also show that the ratio of image-beam beam-
width to main-beam beamwidth increases as F/D decreases because the 
beamwidth of the main beam decreases more rapidly than the beamwidth of 
the image beam. 
Phase of image beam at the peak.--When the far field is treated as the 
summation of the fields from a finite number of small radiating current 
elements, the phasors representing the contributions from the individual 
radiators may be placed end-to-end as shown in Figure 33 to give the 
total contribution. This plot is typical of an off-axis-fed parabola 
such as those discussed throughout this thesis. For perfect focusing 
by the parabola, the phasor contributions from the current elements at 
some elevation angle would be in phase and form a straight line. For 
the image beam there is no elevation angle where all the phasors are in 
time phase, so the image beam is said to be defocused. Obviously if, at 
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Figure 33. Phasor Representation of the Far Field for 
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the peak of the beam, all the phasor quantities were in time phase, the 
phase of the far field at this elevation angle would be the same as the 
current element at the origin. This phase, of course, dees not consider 
— i R~R 
the e v factor in Equation (43) because it is a common multiplier of 
each far-field term and has no effect on the relative phase„ Figure 33 
shows that, for the particular image beam shown, the contributions from 
various elements are not in time phase at 0 = 10 degrees, which is the 
maximum of this image beam. The net phase of the far field at the 
maximum is - 9 degrees when the image current at the vertex is used as 
the zero reference. The symbol fcr this phase angle between the far-
field maximum field intensity and the current at the vertex is E, The 
term L is a function of ?/D , the horn aim, the primary radiation pattern, 
and the position of the image; but calculations on thirty image beams 
show that the horn aim and the F/D ratio are the most important factors„ 
v 
Here again the common features of the image beam,,, subject to the previ-
ously mentioned restrictions, make the use of design curves practical for 
predicting the phase of the field at the peak of the image beam0 The 
curves in Figure jk show average values of £ for two different horn aims a 
These curves are not extremely sensitive to changes in C-(̂  ), but best 
results are obtained when G(ir ) is close to the recommended 10 db value. 
Peak magnitude of the image beam.--The magnitude of the image beam 
depends on the percentage of the horn energy intercepted by the ground 
plane and on the position of the image horn. The ratio of the peak 
magnitude of the image beam, to the peak magnitude of the ma.in beam is 
proportional to the square root of the ratio of the power intercepted 
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of predicting the ratio of beam magnitudes is complicated because the 
image beam is not as well focused as the mal:i beam. The defocusing of 
the image beam is difficult to predict accurately without the use of 
graphs since the defocusing is affected by the F/.D ratio, the position 
v 
of the image, and the aim and radiation pattern of the primary feed. 
The data presented in Figure 55 show how fast the magnitude of the image 
beam changes as the horn aim is changed, These figures show the effects 
of defocusing and changes in energy division between the ground plane 
and the parabola, The data, of Figure 55 were calculated using an Image 
horn displaced l_k- degrees below the axis of the parabola having an 8 
inch focal length. This setting gives an image beam, between one and two 
main-beam beamwidths from the axis. For any one ground-plane-reflector 
combination the defocusing effects are secondary to power division 
effectso In image-beam-shaping antennas the image-horn position Is 
restricted, so Figure 55 can be used for all images encountered in beam-
shaping antennas using the design procedure suggested in this study„ 
The position of the image beam„--The beam deviation factor cf a reflector 
is defined as the ratio of the angular displacement of the image-beam 
peak above the axis to the angular position of image horn below the axis,, 
19 
Silver and Pao investigated the beam deviation factor for paraboloids 
of revolution and found that it changes from 0»Y5 to O.98 as the F/L 
ratio is changed from 0.25 to 009« The term F is the focal length of the 
parabola and L is the diameter cf the circular aperture0 This informa-
tion Is based on the aperture of the reflector subtending an angle 
approximately equal to the 10 db beamwidth of the horn feedo It should 
be obvious that the beam deviation factor of a cylindrical parabola, 
87 
similar to that shown in Figure 26, will be different from that of the 
paraboloid because the reflected rays from a parabola fed off-axis are 
not parallel and the resulting secondary-beam, position will depend en 
which portion of the parabola is most heavily illuminated,, The reflector 
illumination caused by the flat ground plane will be maximum at the 
bottom of the reflector for all cases where the horn is aimed above the 
vertex of the parabola. The curves in Figure 36 shew the variation of 
the beam deviation factor as a function of the F/D ratio of the reflec-
' v 
tor. The solid curves are used with reflectors energized by uornr aimed 
at the vertex and the dashed curves are used when the horn is a.lmed 
D /5 above the vertex„ The horn patterns used to obtain the information 
in Figure 36 were of the same general shape as the measured radiation 
patterns shown in Figure 29, These curves show that, for any one horn 
aim and constant G(t{f ) , the beam deviation factor increases as the F/D 
v 'm ' v 
ratio increases„ This is expected because, as F/D increases, the curva-
ture of the parabola decreases or the parabola looks more like a flat 
plane. The beam deviation factor for a flat plane is unity, ?ince the 
angle of reflection is equal to the angle of incidence. As the horn is 
aimed above the vertex, with G{'ty ) remaining constant, the ratio cf the 
image-beam current at the top of the reflector to that at the bottom of 
the reflector decreases and the beam deviation factor increases „ Fr.e 
beam deviation factor for hern aims between the vertex and 0/5 above the 
vertex can be found by interpolation,, For any one setting of the horn 
aim, the position of the peak of the image beam depends on the position 
of the image horn, but the beam deviation factor can be treated as a 
















Figure 36 Beam Deviation Factor as a Function of 
Reflector Shape and Horn Aim 
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half-power main beamwidths from the axis of the parabola„ 
Image beams from curved ground planes „--Tr. e vertical radiation pattern of 
an antenna formed by a parabolic reflector, a line feed,, and a flat 
ground plane can at best provide a shaped beam over a Limited angular 
region. If wider vertical coverage is necessary, the phase of the 
reflector currents that cause the image beam must be altered to scatter 
the energy over a wider vertical angle. Several possible ground-plane 
shapes which widen the image beam are shown in Figure 3"70 These ground 
planes all have the common feature that they establish multiple images 
feeding the reflector0 The ground plane .n Figure 57(a) which Is made 
of two flat planes, causes two or more images depending on the angle aQ 
The broken ground plane of Figure 37 (D) creates two images but dees not 
provide a radiation pattern as smooth as the curved ground plane shown 
in Figure 37(c). This curved plane creates a continuous image and has 
proved very satisfactory in beam-shaping problems, 
Calculations^ with Equations (32) and (43)# for circular ground 
planes similar to Figure 37(c) show that the magnitude and phase of the 
image beam between the main- and image-beam peaks are relatively insensi-
tive to changes in ground-plane curvature„ Consider for example •'.'„.-
antenna in Figure 38; which shows a horizontal flat ground plane and a 
circular ground plane tangent at Z = F and y =-b/2. The cross section 
of the ground plane is a circle with its center at Z - F and y ~ P 
b/2, where R is the radius of the circle„ Curves. A in Figures 39 and 
hO show the magnitude and phase of the image beam for the antenna where 
R is infinite (the ground plane is flat), b = 2.0,1 = 8.0,, and y = 10 „ 5 
inches. For this particular example the horn is aimed a*: the vertex, the 
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Figure 37. Ground Flanes That Give Multiple Images 
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Figure 400 Typical Phase Relationships of Image Beams 
of Circular Ground Planes vo ro 
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gain of the horn G(\|/ ) is about 10 db below the peak horn gain, and tr..e 
m 
frequency is 9300 mcps „ The curves for B, C, and D show the image beams 
caused by circular ground planes with radii of 57°̂ > 28,6, and 20.3 
inches respectively, all other factors being constant. These curves-
show that the image beam in she critical region between tte main- and 
image-beam peaks changes very little with changes in ground-plane curva-
ture „ This same behavior was observed for other antenna-, having different 
F/D ratios and different horn alms. The curve- in Figures 39 and ̂-C 
v 
are not intended for use as design curves, but they can be useful in a 
qualitative preliminary design,, 
As the radius of" the ground plane decreases, the magnirude of the 
direct ground-plane beam, increases and in some instances is can cause 
undesirable effects. For example., calculations in Chapter VT ^..c^ that 
the sum of the direct ground-plane and direct-horn beam.-, for the antenna. 
of Figure 38 "with R = 20 0 3 inches, is a.-- large as the image beam at the 
larger elevation angles, improper phase relationships of the beams can 
give a very irregular pattern* Thus the minimum ground-plane radius is 
determined by the allowable direct ground-plane ra.diat.ion, 
Since changing the ground-plane curvature does not- change the 
image beam in the region between the main and image-beam peaks, only 
changes in the main beam have to be considered in estimating tte shape 
of the total field in the region between the main and image beams. 
Although, the circular gound plane discussed is very useful^ it 1- O^.Y 
one of a myriad of possible ground-plans shapes„ 
CHAPTER VI 
DESIGN PROCEDURES AND COMPARISONS OF CALCULATED AND 
MEASURED RADIATION PATTERNS 
The purpose of this chapter is to show 'the agreement between the 
calculated and measured radiation patterns of antennas employing image 
beam-shaping principles and to demonstrate the usefulness of the design 
curves presented in Chapter V. In order to show the usefulness and 
applicability of image beam-shaping principles as presented in this 
study _, three examples are treated. In the first example, calculated 
data and measured radiation patterns are presented to show that images 
can be used to obtain a radiation pattern that closely approximates a 
2 
esc 8 pattern over a wide angular region* me design procedure in this 
example is that suggested in Chapter V, namely to use the design curves 
to obtain a radiation pattern that approximates a shaped beam, over a 
small angular region and then to increase the angular coverage bv 
changing the shape of the ground plane., The feed of the first example 
is vertically polarized^ whereas the feed of the second example is 
horizontally polarized„ These examples show ThaT the beam shape ob-
tained by using a horizontally polarized source is radically different 
from that obtained using the vertically polarized source. The third 
example shows through measured patterns that partial ground planes 
can also be used to create asymmetrical radiation parterns suitable 
for some radar applications0 
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Example 1„--In the following example it is assumed that a vertically 
polarized shaped beam is needed at 9300 mcps to provide vertical.-plane 
coverage from an elevation angle 8 of ten degrees to as large an angle 
as possible, ninety degrees being the maximum value„ It is desirable 
but not physically possible to make the antenna gain zero outside the 
specified angular region. Even if the upper elevation angle had been 
specified., there is no single antenna that must be used to obtain a 
radiation pattern that approximates the specified pattern„ There are, 
however,, factors discussed in the following paragraph which help in 
the determination of the first parabolic reflector used in solving this 
problemo 
To achieve a sharp cut-off below 0 = 10 degrees3 the heigh;-" of 
the reflector should be large} but from, the standpoint of wide-angle 
beam shaping, the height should be small„ Since the image beam, must 
be wide to give the large angular coverage,, the feed must" be aimed 
near the vertex to provide sufficient energy into the ground plane0 
The choice of the F/D ratio is due in part to the maximum angle of 
' v 
P 
the esc 6 coverage0 It can be seen from an examination of Figure 21 
that the main and image beams will be zero above an angle 0 • f-
from the axis of the reflector because of the blocking action, of +h^ 
top of the reflector, so from, this standpoint the F/D ratio should be 
as large as possible „ However ̂  if F/D is too large <, the direct radia-
tion from the ground plane and horn will cause trouble at the larger 
elevation angles. As a result of the factors mentioned above., a re-
flector was selected that had a focal length of 8 inches and a height 
D of 10,5 inches 0 The reflector was fed by a vertically polarized 
feed,, horn number one in Figure 29, aimed at the vertex of the parabola, 
The position of the flat ground plane will be selected after the main-
beam properties have been ascertained„ 
The first step in the solution of the problem is to determine 
the characteristics of the main beam„ With the dimensions of +be re-
flector given above and from Figures 26, 29.? and 38j it can be seen 
-8 dbo The illumination at the top 
of the reflector is a little above the nominal 10 db value, but a wide-
angle primary beam is desirable to give a high incident energy into 
the ground plane„ The normalized illumination function f'y ^ is a 
factor in determining the beamwidth and is calculated using Equation 
that \[r = 660 5 degrees and Q(\fr 
Ym & * m' 
bh) 






100 • f 
T" 33 o3 per cent (56; 
This illumination level gives, using curve A in Figure 27, a beamwidth 
factor K of 55°̂ - which is used in Equation (%?) to give 




= 6*71 deereeso (57) 
Since the curves of Figure 2k are plotted for a horn aimed at the ver-
tex, no interpolation is necessary and the values of the field intensity 
in the main beam can be taken directly from the design, curve since the 
beamwidth is known„ The values of the field intensity of the main beam 
are given in Table 1„ 
9 7 
Table 1. Values of Main Beam, Example 1, Taken from Design 
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The next step in the solution of the problem is to select the 
position of the ground plane. The first choice of this position is 
really a guess based on previous experience by the designer, However, 
certain facts about the image beam, can be determined from the design 
curves independent of the position of the ground plane „ For example, the 
F/D ratio of the reflector is Oo76, so the beam deviation factor is 
' v • 3 
found from Figure 36 to be about 0„7o Also it is evident from Figure 
31(a) that the beamwidth of the image beam will be less than I d times 
greater than the main beam,, Further, it can be seen from Figure 35 that 
the peak magnitude of the image beam will be about 88 percent of the 
peak magnitude of the main beam, "With these facts in mind, rough cal-
culations show that, from a magnitude standpoint only,, an image beam 
having a peak near Q = 10 degrees will provide a field large enough to 
give an overall radiation pattern that is smooth in the region between 
the peaks of the main and image beams„ The phase relationships are very 
important, but they cannot be determined until the position of the image 
has been established. The initial ground plane is then placed at 
y = -1.0 inch, which gives an image at z = 8,0, y = £20Q inches and an 
image-displacement angle v of arc tan 2/8 » l4°C& degrees0 This image 
position creates an image beam with a peak at 0„7 x l^o04 •= 9°83 degrees, 
which is close to the 10 degrees mentioned above, The ratio of the 
image-beam to main-beam beamwidth is found from. Figure 31'\.a) t o ^e 1-.dv, 
Since the beamwidth of the main beam is 6„71 degrees, the beamwidfn of 
the image beam is 7o06 degrees,, The phase of the field intensity of 
the image beam at its peak can be seem from Figure 3^ tt> lag the image-
99 
beam current at the vertex by about 7„5 degrees. The phase of the image 
beam field intensity at the peak is L and is given by 
£ - -P F2 + b2 - F + Z to. 
^ff) i ' P P "1 
= - ̂ ~ j \/Q + 2" - 8J -7o5 = -77 degrees 
where the negative sign indicates a phase lag0 The first term, in 
Equation (.58) accounts for the phase lag of the image-beam current due 
to the difference in distances from the focal line to the vertex and 
the image to the vertex. The main-beam current at the vertex is used 
as the reference in all these calculations 0 
"With the information just found on the image beam, Figure 3° is 
used to find the field intensity of the image beam at the various ele-
vation angles * These values of the image beam taken from. Figure 30 are 
given in Table 2, Also included in Table 2 are the values of the image 
beam calculated using Equation (32), In evaluating Equation 3'~)3 the 
integral was represented by a finite series of 92 terms j, each represent-
ing the field from a section of the parabola Ay -- 0*125 inch in height„ 
Calculations based on a larger element spacing of 0 ?5 inch were accu-
rate in finding the fields near the peak of the beam but inaccurate a" 
values below about 2.0 per cent of the peak,, 
A comparison of the field intensities in Tables 1 and 2 as eal • 
culated using the design curves and also using Equation ; 37 , shows the 
accuracy of the design curves„ The last step in finding tne radiation 
pattern of the parabola and the flat ground plane is '"tie simple addition 
LOO 
Table 2. Values of the Image Beam, Example 1, Taken from 
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of the main and image beams. Note that data obtained from the design 
curves does not give the total beam, except in the region between the 
two beamso However^ this is the most important part of the pattern be-
cause this is the region where improper phase relationships can cause 
a null in the pattern, Even though the total beam cannot be calculated 
at all angles} the information obtained from the design curves and 
plotted in Figure k± gives a good indication of the shape of the over-
all radiation pattern0 
The calculated and measured radiation patterns for this antenna. 
with the flat ground plane are shown in Figure k2a The first feature 
to note about this figure is that the abscissa is plotted in terms of 
the elevation angle 6 and the peak radiation is 10 degrees above the 
horizon., In the previous discuss ion _, the radiation pattern of each 
antenna has been given in terms of 9 as mea.sured from the axis of the 
parabola instead of the angle 0 which3 as is shown in Figure 1, is the 
angle measured from the horizontal„ In cases where the peak radiation 
is to be along the surface of the earth3 the two angles Q and 8 are 
the same. However} the desired radiation pa.ttern for the antenna in 
example 1 Is to be cosecant-squared. Starting at an elevation angl- of 
10 degrees so that the axis of the reflector will be tilted up in order 
that the maximum radiation will be 10 degrees above the horizon„ .Thus 
for this case 0 = 0 + 10 degrees. The second feature to note about 
Figure k-2 is the excellent agreement between, the calculated and measured 
patternsj particularly between the main- and Image-beam, peaks„ Also 
shown at discrete points In Figure k2 are the values of the total field 
2k \ I L I I I I I I I i i i i i i i i I 
2 6 io Ik 18 22 26 30 3^ H^o 
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Figure k2. Calculated and Measured Radiation Pattern of Cylindrical 
and Flat Ground Plane 
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as taken from the design curves. The design-curve data were made to 
agree with the measured value at 0 = 20 degrees because the design-
curve value of the total field is not known at 0 » 10( 6 = 0)„ A third 
important feature of the curves in Figure k2 is the shape of the 
2 
measured pattern as compared with the esc 0 pattern„ It is evident 
that the field at 8 = l6 degrees should be increased if possible to 
make it conform with the desired beam„ The first thought is to move 
the image beam closer to the main beam tc "fill in" this minimum„ How-
ever^ an analysis using the design curves shows that moving the image 
beam closer to the axis by moving the ground plane3 changes the phase 
relationships and actually gives a more pronounced dip between the two 
beams. This predicted behavior has been verified experimentally„ Mov-
ing the image beam further from the axis makes the main- and image-beam 
intensities more nearly in phase than before at the point where the 
fields are the same magnitude, but makes the fields at the crossover 
point smallero Moving the image beam further from the axis gives no 
net improvement in the beam shape <, 
Fortunately, when the ground plane is made convex to give more 
energy at the higher elevation angles^ the minimum between the beams is 
made less pronounced because of changes in the main beam0 Making the 
ground plane circular, as shown in Figure 38, has the obvious effect of 
increasing the width of the main beam, because the main-beam aperture 
is reduced„ Perhaps not so obvious is the change in the phase relation-
ships in the main beam caused by cutting off the bottom of the parabola„ 
Since the origin, after the change,, is no longer at the bottom of the 
105 
aperture,, the design curves of Figure 24(h) must have a corrective term 
(3y sin 9 added,, The term y is the distance from the axis to the in+er-
a a 
section of the ground plane and the parabola„ The size of this correc-
tive term can be shown by a consideration of the case where y = O065 
a 
inch and the frequency is 9300 mcps„ The change of 0,65 inch causes 
the phase of the main beam at 9 -6 degrees (9 - 16) to be 120 degrees 
leading compared with 100 degrees for the flat ground plane0 If the 
image beam at 9 - 6 degrees is not affected by the change in the ground-
plane shape9 then the phase difference between the main and image beams 
will be changed from 115 to 95 degrees, Decreasing the radius of curva-
ture of the ground plane tends to increase slightly the image beam below 
the peak as shown in Figure 39^ so this also tends to make the dip in 
the over-all pattern less pronounced„ To summarize <, making the ground 
plane concave will reduce the sharpness and depth of the minimum, between 
the main and image beams, make the image beam extend over a wider 
angular range9 and decreases the magnitude of the main beam relative 
to the image beam0 
The first circular ground plane tested had a radius of curvature 
of 2003 inches and was tangent to the flat ground plane at z - 890j 
y = -1.0 inch. The measured radiation pattern of this antenna is shown 
by the solid curve in Figure 43» The dashed pattern in this figure was 
calculated using only the main and image beams, i0e3j the beam due only 
to currents on the parabola„ The calculated beam was evaluated by 
using a finite series of terms to represent the integral in Equation 
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elements was 0.125 inch0 Breaking the calculated pattern up into com-
ponents shows which portion of the total pattern is due to direct 
radiation from the horn and ground plane and which portion is due to 
currents on the parabola„ 
Before continuing the discussion of Figure k^ ? it is necessary 
to note the shape of the radiation pattern of the horn and ground plane 
because this feature accounts for the irregularities in the pattern in 
Figure ^3 at the larger elevation angles. When the parabolic section of 
the reflector is removed, the radiation pattern is the sum of the direct 
ground-plane and direct-horn beams. This beam in the region above the 
ground plane consists of many well-defined minor lobes as shown in Figure 
kk. The shape of this radiation pattern, called the direct pattern, is 
not as important in this problem at elevation angles greater than 8 - 80 
degrees as the shape of the pattern at angles G < 80 degrees, because 
the direct radiation in the former range is partially or completely 
blocked by the parabola. It is the direct radiation at G < 80 degrees^ 
which is essentially unchanged by the presence of the parabola, that 
can cause irregularities in the final pattern,, The minor lobe structure 
of this pattern, Figure UK, is typical of the radiation from two sepa-
rate sources, the horn and the ground plane in this case. The fields 
due to the two sources will be alternately in and out of time phase as 
the elevation angle changes, and the result is a series of minor lobes 
more or less evenly spaced and separated by well-defined minima„ The 
minor lobes are not all the same size because each of the two sources 








"i 1 r T i i i i i r 
Measured 
Calculated 
0 db Reference is the Gain of Complete Antenna 
i — 1 V-
30 
Figure hk 
50 70 90 n o 
ELEVATION ANGLE 8 EN DEGREES 




The calculated direct beam is also shown in Figure kk„ Before 
the direct ground-plane beam and direct-horn beam can be combined to 
get the calculated direct beam, the gain of the feed relative to the 
gain of the ground plane must be found by a procedure similar to that 
given in Appendix II, Most of the calculated minor lobes have the same 
magnitudes as the corresponding measured lobes but the positions of the 
calculated lobes are'in error„ The difference in the positions of the 
lobes can be easily explained in terms of the phase of the direct radia-
tion from the feed. The magnitude of the direct-horn beam was obtained 
from the measured primary pattern, but phase angles were based on energy 
coming from some center of phase inside the mouth of the horn0 This ob-
vious error in calculating the phase of the direct-horn radiation,, 
using the center of feed, at large values of \|r is the main reason for 
the disagreement between the measured and calculated patterns in Figure 
kk o However,, the differences in the positions of the calculated and 
measured minor lobes can be tolerated because the main purpose of the 
calculations is to show the magnitudes of the lobes 0 If the minor lobes 
of the direct beam are comparable in size to the image beam,, then the 
total pattern will be irregular0 However3 some control of these irregu-
larities is obtained by changing the horn position slightly„ Small 
movements of the horn along the axis of the reflector have a large 
effect on the beam shape at the larger elevation angles and a small 
effect near the peak of the beam* If the irregularities cannot be 
properly controlled, the ground-plane shape must be altered even at the 
expense of decreased angular coverage of the shaped beamc 
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Returning to the discussion of Figure ^3, it can be seen that the 
irregularities in the total pattern are caused by the direct beam com-
bining with the image beam. Actually in the radiation pattern shown in 
Figure -̂3.* this is not too serious for 8 < 80 degrees because there are 
no serious dips in the pattern below 80 degrees » In this particular 
example, the direct beam has been used to advantage to extend the shaped-
beam coverage by a small amount. It should not be inferred, however, that 
the direct radiation will always be beneficial. 
In this example the author was fortunate in having the first 
curved ground plane provide a satisfactory shaped beam., If the radius 
of curvature of the ground plane had been much smaller than that used, 
the direct beam would have been too large for use and of course a larger 
2 
radius of curvature would not have provided the wide angle, esc 0 pattern 
desired„ This problem certainly contains a minimum number of calcula-
tions. The number of attempts necessary to get a desired beam depends 
of course on the experience of the designer and on how close the final 
pattern must come to the specified patterns„ 
Example 2.--In the previous example it was shown that the flat ground 
plane used with a cylindrical parabola and a vertically polarized feed 
gives a radiation pattern with a dip between the main and image beams„ 
Making the ground plane concave gave a smoother pattern but there was 
still a slight dip between the peaks of the main and image beams„ In 
some applications it is desirable to have the Image beam merge with the 
main beam so that the antenna gain function G(0) decreases monotonically 
with increasing 9 , It will be shown in this example that this can be 
I l l 
accomplished easily with horizontally polarized waves„ This example 
further demonstrates the value of the design curves of Chapter V„ No 
particular beam shape is set as a goal, but the beam will be of the 
shaped-beam variety-
The antenna used in this second example consists of horn number 
3, see Figure 29, aimed 1100 degrees above the vertex of a cylindrical 
parabola having a focal length F of 7*0 inches and a height D of 13.5 
inches. The flat ground plane is parallel with the axis of the parabola 
and O.525 inch below it, i.e., b in Figure 38 is 1.05 inches. The F/D 
ratio for this reflector is 0.5X6 and the frequency is 9300 mcp.- „ The 
horn is aimed D /lO above the vertex, which gives a primary-feed gain 
G(\J/ ) of 12 db below the peak gain. Using Equation (5^), f(y ) is 
found to be 17-3 per cent which when used with Figure 27 gives a beam-
width factor K of 60. Using K = 60 in Equation (55) gives a beamwidth 
of 5065 degrees for the main beam. Since the displacement angle v of 
the image horn is 8„5 degrees, arctan 1.05/7* "the beamwidth of ths image 
beam is found by interpolation between Figures 31(b) and 32 to be about 
Q.k degrees. The phase of the field at the peak of the image beam is 
r _ 36o 
^ "1.27 h/7
2 + ( 1 . 0 5 ) 2 - 71 + 180 - 27 = 128.8 deg ree - , 59) 
where the 180 degrees accounts for the phase shift at the ground plane 
and the 27 degrees is Z as found from Figure 3̂+* It can be seen from 
Figure 35(b) that the peak of the image beam is about k-9 per cent of the 
peak magnitude of the main beam. Since the beam deviation factor is 
0.695* see Figure 36, the peak of the image beam will be at the value 
9 = 8.5 x 0.695 =5-9 degrees. 
1.12 
The information obtained on the main and image beams has been 
used in conjunction with Figures 24} 25, and 30 to obtain the predicted 
beam as given in Table 3• Also shown in Table 3 are the main and image 
beams calculated using Equation (43). The agreement between the field 
taken from the design curves and the field calculated using Equation (43) 
is poorer than in the first example because in the use of the design 
curves interpolation was necessary in Example 2 but not in Example 1„ 
In this second example the peaks of the two beams are close enough 
together so that the total field can be predicted at the peak of both 
beams as well as in the region between the beams,, The design data in 
Table 3 show that the phase difference between the main and image beams 
is less than 28 degrees in the region between 0 = 0 and 5 degrees. It 
is evident from the data in Table 3 that the main and image beams merge 
into a single asymmetrical beam with the peak shifted slightly above the 
axis of the parabola„ 
When the flat ground plane is changed to one having a radius of 
curvature of 20.3 inches, the ground plane and parabola intersect at 
y = 0.75 inch. The phase corrective term |3y sin 9 amounts to about 
a a 
11 degrees for the main beam at 0 - 3 degrees ., so at this angle the 
time phase angle between the main and image beams is 7 degrees as 
opposed to 18 degrees for the flat ground-plane case. The measured 
radiation pattern for this antenna, Figure 45^ verifies the prediction 
that the main and image beams merge into a single asymmetrical beam. 
Figure 45 also shows the agreement between the measured pattern and that 
113 
Table 3- Values of the Main and Image Beams, Example 2} 
Taken from Design Curves and Calculated Using 
Equation (43) 
Design Curves Equation 
U m 
(^3) 
e Um u. 1 
Tota l u. 
1 
0 100/0 15.5/30 114.0 100 /0_ 12 .7 /58 .6 
l 95 .3 /23 23-5/55 116.0 - - - -
2 8 2 . 0 A 6 . 5 32/72. 114.5 85A5.7 36M.8 
3 68 .0 /68 3 9 / 8 ^ 96.5 - - - -
4 48 .0 /83 45/104 92.5 51/82.3 58/110.3 
5 32.0/90 48/118 79-0 __ 59/128 
6 23.5/99_ ^9/130 69.4 25.8/90 59/1^2.5 
7 21.0/87 48/143 57.7 - - 57/158 
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calculated using Equation (k-3) « The direct radiation from the horn and 
ground plane was not used in the calculated pattern because most of the 
energy is concentrated near the axis where the direct radiation is very 
small. 
This example shows that because of the 180 degree phase shift of 
the wave reflected from the ground plane, the image beam can be moved 
very close to the main beam without causing a dip in the pattern similar 
to that encountered in the problem of the antenna with the vertically 
polarized source. However, it can be seen that moving the image beam 
closer to the axis is undesirable if a wide-angle shaped beam is needed,, 
If the ground plane is moved away from the feed, in order to produce a 
wider image beam, a sharp null will appear between the main and image 
beams when the peak of the image beam is at 0 = 9 degrees. 
Example 3°--The antenna described in this third example is a by-product 
i:6 
of the work done on the antennas employing ground plane? that extend 
from the horn to the parabola„ The antenna of Example 3 use- a partial 
ground plane above the horn as shown in Figure k60 Since the ground 
plane does not extend from the horn to the parabola,, the design proce-
dure used in Examples 1 and 2 is of no value for this antenna. The 
radiation pattern of this antenna, Figure k-J, has an asymmetrical beam 
caused by the small ground plane above the horn. This pattern, Figure 
k'J, is a type well suited to harbor-control radar installations where 
there is a need for a narrow beam, to search the surface of the harbor, 
and also a need for extra energy radiated below the peak of the beam to 
show small objects on the surface such as bouys or floating objects 
hazardous to shippingc 
0 
-k 
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ground plane than with multiple horns, the simplicity and good impedance 
match of the feed used in the image method makes it by far the more 
desirable. The chief disadvantage of the image beam-shaping antenna 
described in this study is that of the relatively high gain required of 
the line source, an undesirable feature of any cylindrical-reflector 
antenna. 
The agreement between the calculated and measured fields along 
the parabolic curves above the ground planes as shown in Chapter II 
proves that geometrical optics can be used to find the magnitude and 
phase of the waves reflected from ground planes as small as six wave-
lengths wide. Limitations on the radius of curvature of the ground 
plane are given in Chapter II. 
The agreement between the measured radiation patterns in Examples 
1 and 2 in Chapter VI and the patterns calculated using the current 
distribution integrals of Chapter IV demonstrates the applicability of 
these integrals to image-beam shaping problems. The data in Examples 
1 and 2 show that narrow-beam patterns can be calculated from the main 
and image beams only but that wide-angle patterns must be calculated 
from the direct ground-plane and direct-horn beams in addition to the 
main.and image beams. The inaccuracy of the calculated patterns at the 
larger elevation angles is due to a lack of knowledge of the phase of 
the direct-horn radiation at large values of ty . 
The design procedure presented in this study is to use the para-
bolic reflector and flat ground plane as the basic antenna. The approxi-
mate desired beam shape of the radiation pattern of the basic antenna 
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is obtained by use of the design curves, and then the ground plane is made 
convex to increase the angular coverage of the shaped beam. The data 
given in Examples 1 and 2 show thâ : -:he design curves can be used to ob-
tain information on the beam shape of the basic antenna without the 
necessity of evaluating the complicated far-field integral. The evalua-
tion of the far-field integral is necessary only after approximate beam 
shapes have been obtained using the design curves» 
Recommendations.--As a result of this study, two points have been brought 
out which warrant further investigation. 
(l)o A complete analysis of the partial ground plane as 
described in Example 3 is desirable. 
(2). A continuation of this study would be to investigate improve-
ments in the shaped beam which might result from modifica-
tions of the parabolic section of the reflector. 
CHAPTER VII 
CONCLUSIONS AND RECOMMENDATIONS 
Conclusions.--The experimental radiation patterns presented in this 
study demonstrate conclusively that the image method of beam shaping 
can be used to obtain a cosecant-squared radiation pattern over a 
wide angular region. Although either polarization can be used, the 
phase relationships in the horizontally polarized antenna make it 
better suited for use on narrow--"be am cosecant-squared applications., 
The wide-angle shaped beam represents the addition of four individual 
beams which can be made to give a pattern with no deep minima over 
a narrow frequency range. In narrow beam applications the total 
pattern is approximately the sum of only the main and image beams; so 
the frequency sensitivity is better than that of the wide-angle beam. 
Because of the double-reflection process which takes place at 
the reflector surface, the parabolic section is "used" twice and is 
therefore smaller than the single-reflection-surface antenna, designed 
by Chu's method to give a beam of commensurate shape. Although the 
image-beam antenna is smaller than the corresponding shaped reflector 
of Chu, the radiation pattern in general is not as good an approxima-
tion of the cosecant-squared pattern as the shaped reflector« 
The image beam-shaping method represents a significant improve-
ment over the multiple-feed method. While the control of the field 
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the phasor electric field reflected from the surface 
of a reflector. 
the phasor component of the electric field parallel 
to the pick-up dipole, see Figure 10. 
the 6 component of the vector electric field 
scattered from a conducting surface. 
the 0 component of the vector electric field 
scattered from a conducting surface. 
the far field of a beam caused "by antenna a. 
the focal length of a parabola. 
the aperture illumination function which is directly 
proportional to the field intensity on an equiphase 
aperture. 
the normalized aperture illumination function. 
the relative gain of the primary feed in the x--direction, 
the relative gain of the primary feed in the ^-direction, 
the maximum gain of antenna a0 
the height of a radar target above the earth. 
the vector magnetic field intensity; a function of 
time and space, 
the phasor magnetic field intensity, a function of 
time and space but not a vector. 
the phasor magnetic field intensity on the parabolic 
curve in Figure 7 or 8 due to direct radiation from 
the horn feed. 
APPENDIX I 
GLOSSARY OF NOTATIONS AND DEFINITIONS 
the y-coordinate of the position of the image horn 
as shown in Figure 7« 
the half-power beamwidth of the image beam. 
the half-power beamwidth of the main beam. 
the distance from the vertex of the parabola to any 
point on the parabola as shown in Figure 21. 
a dimension of the aperture of an antenna, 
the vertical height of the parabolic antenna as 
measured, from the vertex to the top, see Figure 26. 
the vector electric field intensity, a function of 
time and space. 
the phasor electric field intensity, a function of 
time and space but not a vector. 
the phasor electric field intensity on the parabolic 
curve in Figure 7 0:" 8 due to direct radiation from 
the horn feed,, 
the phasor electric field intensity on the parabolic 
curve in Figure 7 or 8 due to energy reflected from 
the ground plane. 
the phasor electric field incident onto the surface 
of a reflector. 
APPENDICES 
the phasor magnetic field intensity on the parabolic 
curve in Figure y or 8 due to energy reflected from 
the ground plane. 
the phasor magnetic field intensity incident on the 
surface of a reflector. 
the unit vector along the x-axis in a rectangular 
coordinate system 
a function called the current distribution on the 
surface of a reflector. It is proportional to the 
tangential component of the magnetic field intensity 
at the surface of the reflector„ 
the unit vector along the y-axis in a rectangular 
coordinate system. 
the unit vector along the z-axis in a rectangular 
coordinate system* 
the beamwidth factor, see Figure 27, used in main-
beam calculations, 
a constant of proportionality, see Equation (l). 
a constant of proportionality, see Appendix II„ 
a constant used in finding the normalized far field, 
see Equation (;+9). 
the surface electric current density on the surface 
of a conductor„ 
the length of the line source, see Figure 5° 
the diameter of the mouth of a paraboloidal reflector. 
a function proportional to the total magnetic field 
intensity incident on the surface of a conductor0 
a function directly proportional to the gain G(x) of 
the horn feedo 
the unit vector normal to a surface. 
the time-average power incident onto a small surface 
element (dj.)(l) as shown in Figure 80 
the time-average power reflected from a small surface 
element (di)(l) as shown in Figure 80 
the time-average power transmitted by an antenna. 
the distance from the image horn,, Figure 7; "to a point 
on the paranoia above the ground plane. 
the distance from a radar antenna to a target. 
the distance from the horn feed to a point on the 
ground plane as shown in Figure 8-= 
the distance from the ground plane to a point on the 
parabola as seen in Figure 3. 
the unit radial vector used in the standard spherical 
coordinate system. 
the distance from a current element on the reflector 
to some point in the far fieldy see Figure 21. 
the distance from the feed horn to some point in the 
far field, see Figure 21. 
the distance from the ground plane in Figure 8 as 
defined by Equation (7)« 
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the radius of curvature of the circular ground plane. 
the radial distance from the center of feed, Figure 17, 
to a point in the near field. 
the distance from the vertex of a parabola to some 
point in the far field, see Figure 21 u 
the surface of an arbitrary reflecto.ro 
the angle between the vector r\, and the tangent to 
the reflector, see Figure 20. 
the normalized far-field intensify of the main beam* 
the normalized far-field irtensity of the image beam. 
the displacement angle of the image from the axis of 
the parabola. 
normal coordinates for the right-handed Cartesian 
coordinate system, the z-axis is always the axis of 
the parabola. 
special 'values of y as shown in Figure 23<. 
the y-coordinate on the parabolic reflector showing 
the aim of the hern, see Figure 26» 
the y~coordinate of the top of the reflector, see 
Figure 26. 
the t i l t angle cf a f l a t ground, p lane measured fron 
tne axi.-: cf the pa rabo la = 
the propagation constant of a wave in free ;pac ; ; 
t he complement of the angle of incidence for the wave 
from the nor" into the ground plane, r*ee Figures ] an"1 
80 
12? 
o the angle between the axis of the parabola and the 
tangent to the parabola as shown in Figure 2.1. 
A the a.nglp between the axis of the parabola and the 
tangent to the ground plane as shown in Figure 21. 
£ the time phase angle between the far-field main beam 
at 0 - 0 and the far-field image beam at the peak of 
the image beam, see Equation ($6). 
V[ the intrinsic impedance of free space., 
0 the angle measured from the axis of the parabolac 
G the angular position of the peak of the image beam, 
9 -the angle between the axis of the parabola, and a line 
m °̂  ^ 
drawn between the vertex and the top of the parabola, 
see Figure 21. 
0 the standard unit vector used with a right-handed 
spherical coordinate system* 
0 the elevation angle measured from the horizontal.} see 
Figure 1. 
L the angle of incidence of tne wave hitting the reflector 
surface, see Figure 20. 
J\ the free-space wavelength, 
JJ, the permeability of the medium, air in this ease* 
v the angle between the axis of the parabola and a line 
from the vertex to a point on tre reflector, see 
Figure 21o 
1 the angle between tne axis of the paraboia. and +1 --
reflected ray from the ground plane> see Figure 8C 
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p the distance from the feed horn to the reflector 
surfaceo 
p the distance from the feed horn to the top of the 
m 
reflector. 
p the unit vector normal to the long dimension of the 
line feed. 
x a unit vector tangential to the surface of the reflec-
tor as shown in Figure 20(b). 
$ the angle between the axis of the reflector and the ray 
into the ground plane, see Figures 7 and 80 
4>(y) the phase angle of the current on the surface of the 
reflector. The main-beam, current at the origin is 
used as the reference, 
$-. the standard unit vector associated with a right-handed 
spherical coordinate system0 
\Jf the angle between the axis of the reflector and the ray 
from the horn into the reflector, see Figures 7 and Qc 
ty the angle, between the axis of the reflector and the 
direction of maximum radiation frc^ the line feed, >see 
Figure 26. 
t the angle between the axis of the reflector and the 
ray from the horn to the top of the reflector, see 
Fig-ire 2.6 0 
\|/ an angle from between the aim of the horn and. a line 
max ^ 
from, the center of feed to the Lip of the hern, see 
Figure 17. 
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the unit vector normal to the vector p see Figu.re 2.0 „ 
2jt times the frequency. 
the phase of the main-"beam fie3̂ d intensity relative to 
the intensity of _:he main beam at 9 - 00 
the phase of the image-beam field intensity relative 
to the intensity of the image beam at its peako 
APPENDIX II 
FINDING THE GAIN OF THE FEED RELATIVE TO 
THE GAIN OF THE GROUND PLANE 
When the radiation from the currents on the parabolic reflector 
or ground plane is evaluated by use of Equation (2_5) or (̂ -0), the part 
of the reflector under consideration is broken up into sections about 
1/8 inch wide. When the main, image, and direct ground-plane beam.? are 
calculated, the reflector currents which are found using Equation (27) 
or (̂-l) are used in Equation (25) or (ho) when the integral is expressed 
as a finite series of phasor terms. The main, image, and direct ground-
plane beams are evaluated using a digital computer and added directly 
without evaluating the constant, such as that given in Equation (26)0 
The same constant is a multiplier for each beam and therefore is not 
important in determining the shape of the sum of the three beams0 How-
ever, before the direct beam from the horn is added to other beams, the 
gain of the beam due to the reflector currents must be known relative to 
the gain of the feed. 
The relative gain of two antennas having the same beam shapes in 
the azimuth plane can be found by an integration of the vertical-plane 
radiation patterns. The azimuth-plane patterns affect the gains, but 
since they are the same for the two antennas, azimuth, pattern:? do no" 
affect the peak gain of one antenna relative to the other, When the 
normalized vertical-plane radiation pattern of an antenna having a con-
stant beamshape in the azimuth plane is known, the maximum ga.in G (Q) 
* 7 max 
is given by 
20 
G ' 0. = 
max' 
E (e. 





where K is a constant determined by the shape of the be'am in the azimutr. 
plane. The gain of an antenna a compared to gain of an antenna b is 
[G (0)1 [E2 (0)1 






2(0' d0 E (0) a max' 
if the beam shapes in the azimuth plane are the same0 The term 
G (8) is the maximum gain of antenna a,.and E(0) is the normal-
L max' 7Ja to —' L J& 
ized field of antenna aa ..Since the radiation patterns are normalized, 
E (9) 
max ' 
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The currents on the parabolic section of the reflector do not 
constitute a complete antenna, but the radiation by the main-beam, and 
1J2 
image-beam currents causes a beam which will be referred ro as the radi-
ation pattern of antenna a. The line source is called antenna, b0 Thus 
if the radiation pattern of horn 1, see Figure 29, is used to get 
E(6) and the calculated pattern in Figure h^> is used to get E{8) , 
Equation (60) can be used to find the gain of the feed relative to the 
gain of antenna a0 The peak gain of the overall image-beam, antenna Is 
almost the same as the gain of antenna a because the field caused by the 
direct ground-plane and direct-horn beams are small compared to the 
maximum field of antenna a. 
The maximum field of the feed relative to the maximum, field due 
to parabolic reflector currents is found from the gain ratio given by 
Equation (60). The peak field intensity caused by the ground-plane 
currents uses the same reference as the field caused by currents on the 
parabola, so the fields of the horn feed and the ground plane are added 
to give the calculated pattern in Figure kk. 
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